Faculty of Engineering (Shoubra) A Engineering Mathematics and
Benha University Y Phel/sics Department
Time allowed: 3 hours 2" vear Production 16" of January 2011

Mechanical Department

The Examination consists of 4 questions with 8 sub questions (10 points for each sub question)

PUESY
Question 1
a- Evaluate the following integrals:
1 0 a2t _ a3t o dt
i) [tol(1—t9)>-dt i) [& % at (N
) [t ) 15 N e o)
b- Find Laplace transform for the following functions:
¢ 6 0<t<2
) f(t):tsin2tcosh3t+e_3t | e 2Usinudu, ii) gt) =4 3t 2<t<3%s# sin%4tU(t-2)
u=0 9 153

Question 2

a- Find inverse Laplace for the following functions:

VRO = 555 4 i) G(s) S e+,
s2+6s+20  (s+9)° s?(s?+4) s?+6s+5

b) Expand in Fourier series the following,functions:

£(x) = nl/2+X, —m<x<0 (k) = X, 0<x<m
nl2-X, O<x<m -(X—m), T<X<L27
Question 3
" 1 O0<axl
a-1) Solve the integral“equation J'f(x)sin(ocx) dx =12 1<a<?2
0 0 2<a
i) Solve thesfellowing system of differential equations:
((j;t(+5x +4y=10, x—%tf—y:o, X(0) = 2, Y(0) = -4
b-1) Find the constants of the following curve y(x) = 1 > that fit the following data: (-1,2),
a-+bx+cx

(3,4), (6,9) using least square method.

i) Solve using Picard’s method up to 2™ approximation the following differential equation:
y =x3(y'+y),y(0) =1,y (0) =%, then find y(0.2) using Euler method, h = 0.1.
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Question 4

a-i) Find v(x,y), such that f(z) = u(x,y) + i v(x,y) is analytic, where u(x,y)= e*(xcosy-ysiny). EXpress

f(z) in terms of z.

1) Find one of the roots of the interpolating Polynomial satisfy the following'data®(1,3) , (5,-7) ,
(-13,4), (2,47), (-6,15) using inverse Lagrange interpolation.

b- Evaluate the following integrals:

1/2

. cos(z) ; - _
i) j t™ In (1/2t) dt, i) [gmdz where cis theleircle Iz| = 4.
i) .[e'X2+4X'4 dx . iv) [sz (:532“7 7 . ©12-21+12421=6

V) Eﬁ 9)2 , using Cauchy?§’regidue theorem c: z+1-il = 3.
C

Good Luck
With all best wishes to succeed
Dr. Khaled EI Naggar




Model answer
Answer of Question 1
14 1 1
a- i) Put x = t% therefore dt = (1/q) x9 ~dx, thus jtaq‘l(l—tq)b‘ldt = J' x'l’qxa(l—x)b‘l%x(llq)'ldx
0 0

= %Ixa'l(l— X)Pdx = % B(a,b)

(4 marks)
Si LZt‘e3t 111 o= Ln (s+3) - Ln (s-2), thieref
= = _—_— ds= +3) — -
i) Since L{ ;[8_2 <3087 Ln (s+3) - Ln (s-2), therefore
e2t 3t
[ dt = Ln (s+3) - Ln (s-2)| _,= Ln(3/2) (3 marks)
i) Puty—t therefore dt =(1/2) y 2dy, thereforej adt a?ﬂ:
Vt@+t?)  2py@%+y)
y-3/4
%O(f: dy _a SB(L/4,3/4)- ﬁ (3 marks)
b-i) L{tsin2t}:-i( Z )= s , therefore L{tsin2tcosh3t}= L{tsm2t(e +e3 )}
ds's2+4°  (s2+4)2
(6:3) ~ . (s+3) 3 mark
(5-3214)2 " ((5+3)2+4) )
Aoy 1 3t b ue 1
L{ [ e\~ 'sinbdu}= ——"——— thereforeL{ e | e™"sinudu} = 5
u=0 s[(s+2)* +1] u=0 (s+3)[(s+5)°+1]
(2 marks)
6 0<t<2
i L{{ 3t 2<t<3 [ }=6[U(t) — U(t-2)] + 3t[U(t-2)- U(t-3)] + 9 U(t-3)
9 t>3

= B[U(t) — U(t-2)] +3(t-2+2) U(t-2)-3(t-3+3)U(t-3) + 9 U(t-3)



2s -3s

= BU(t) + 3(t-2) U(t-2) — 3(t-3) U(t-3) = 6/s +(3/s2) (62~ e 23 ;

L{sin?4tU(t-2)}= L { (¥2)(1-cos8t) U(t-2)} = L{(%2)(1-cos8(t-2+2)) U(t-2)}
= (*2) L{U(t-2)}- (*2) L{ [cos8(t-2)cos(16)- sin8(t-2)sin(16)] U(t-2)}

o, 25 " S o 8
= (Y2)e ”- (¥2)[cos(16) (s2+64) sin(16) (s% +64)

-2s
] € (8 marks)

Answer of Question 2

-2 -2
se”® + 1 _ (st3-3)e” | 1

-1 Si F = =
al) SINCe F8) = 66920 © (5197~ (5+37+IL T (19

(S+3) _ 3 ]e_25+ l
(s+3)?2+11 (s+3)*+11 (s+9)*

f(t) =e>"? [cos11 (t-2) — 3/V11 sinV11{-2)]U(t-2)+(1/2) 2 e (5 marks)

. therefore

= [

t
i) L }=(1/2) | sin2udu=y(1/4)(@-cos2t), therefore
u=0

(2 +4)

L {32(52+4) }= (1/4)u { (1-€cos2u) du = (1/4)[t-sin(2t)/2] (3 marks)

3
s> +65+5

3

—(S " 3)2 2 }=(3/2) e'Stsinh(Zt) (2 marks)

L™{ }=LY

b-i) The functiomis.even, therefore I

= 2fi@l2) - x]dx =0,
0
apn = 27jt[(7r/2)—x] cos(nx) dx = g[[(7r/2)—x](lsin(nx)) +('—lcos(nx)) "= L(l-cos nm)
L 0 T n n? ]O nm

4 4 © 1
=0 and a =" _ thusf(x) == cos(2n-1)x 5 mark
on-1 (2n-1)27c ( ) T 21(2n-1)2 ( ) (5 marks)

Therefore a2n
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I1) The function is odd harmonic, therefore I

v

NG

2T 2, sin(2n-1)x —cos(2n-1)x . 4
a,,4 =— [ xcos(2n—-1)x dx = —(X( (2nJ) )—( ( 2) ) ==
0 T 2n-1 (2n-1) 0 m(2ns1)
2™ 2, —cos(2n-1)x —sin(2n-1x . = 2
b,,4 =— [ X sin(2n-1)x dx = —(X( )—( Ni=—+—
o n 2n—1 (2n-1)% 0 Wu(2n-1)
Thus f(x) = % a,,4 COS(2n-1)x + § b, sin(2n-1)x (5 marks)
n=1 n=1
Answer of Question 3
" 5 1 O<axl
a- i) Since Ky :\/ij(x) sin(ax) dx = \/: 2 1<a.<2 ,and Fourier integral is expressed by:
o 0 2<a
2% 2 iR 2 2 2
f(x) = \PI K, sin(ax) do.= \/j[j\/:sin(ocx) da+I2\/: sin(ox) dou ] = -=[1+c0s X - 2c052X]
T 0 TC 0 (I 1 T TiX

(5 marks)
i) Take Laplace to the@bove equations such that:

s X(s) - x(0) + 5X(s),+¥3wX(s) = 10/s, X(s) — [s Y(s) - y(0)]- Y(s) =0, thus
(s +5)X(s) +8 Y(S)=10/s+2 (1)
X(s) - (8 +1)¥(s) = -3 (2)
Multiply equation (1) by (s+1) and equation (2) by (3) and add, therefore
[s*+65+8] X(s) = 10(s+1)/s + 2(s+1) + 12

_10(s+1) . 2s+14 _ 1 3 2., 2(s+3)+8
Thus X(s) = L06+D) , 2s+14 _ 1_
X = sra)o2) TP rpsrn O s a5 (sra2




Hence x(t) = (5/2)(1-3 ™ +2e)+ e (2cosht + 8sinht), but ?;t( +5x +4y =10, from which we get

y(t). (5 marks)

b- i) Let Y = 1/y = a+bx-+cx?, so that the constants can be obtained using the followingmatrix

form :
N N N
N in ZXIZ c ZYi
i=1 i=1 1=1
N N N N
Yxi >xt Yx b= >xY,
i=1 =1 =1 1=1
N N N N
dMxz > xd Y xt @) | YxPY,
i=1 =1 i=1 =1
N N N
Given N= 3, »'x;= 8, fo = 46, 2472, Zx“- 1378, ZY 0.861, ZXY 0.92,
i=1 =1 i 1
o 2/ — . — Aa — Ab — Ac
D x?Y;= 6.75, thus by Cramer rule we get@ , b and ¢ such that: a = A b = NN
=1
3 8 46 0.860 '8, 146 3 086 46
where A=18 46 242, Ag= 0192 )46 242|, A =|8 092 242},
46 242 1378 6.75 242 1378 46 6.75 1378
3 8 0.86
Ac=18 46 092 (5 marks)
46 242 6%

i) Puty'= z¢hence y "=z = x° (z +y) = f(X, y, z), such that X,-0, yo=1,y (0) =z = %

Accordinggto thesfollowing two formulas, we can get the first two approximations

Yor =0 [ 200X | Zna =20+ [1(x,Y,.2,) dx= [ X (y, +2,) dx
Xg Xo Xq

X X
Put n=0 to obtain y;, z; such that y; = yo + jzo dx = 1+ .[%X = l+§ and
X 0



X 4
Zy=2y+ jf(x,yo,zo) dx= —+jx (Yo *2,) dx —% x3 (1+%)dx =%+ 3X

O'—.X

8

Put n=1 to obtain y,, such that y, =y, + jzl dx =1+ j(—+ )ydx = 1+)2(+34L0 (3marks)
By using Euler method, states:
Ve = Yot hzo, h = 0.1 and zoy = 4+ 0.1 X3 (y, +2,,)
Y1 = Yo+ h 2= 1+0.1(1/2) = 1.05 and z; = Zg+ 0.1 X3 (Y, +2,)= ¥
Yy, =y;+hz;=1.05+0.1(1/2) = 1.1=y(0.2) (2 marks)
Answer of Question 4

- 8U _ X . au _ X . .
a-i) ™ e” (X cosy+cosy — Yy siny) and o e”(-x siny - sin y — ycos y)
Since the function is analytic, therefore Cauchy-Riemanm,equation is satisfied, hence
ou oV _ x .
Y = + —
ox " oy e” (X cosy+cosy — Y siny)
Integrate the above equation with respect to ypkeeping x constant, then
v =eX(x siny + ycos y) + ¢(x), where/p(x) is-anafbitrary real function of x.
Butg)\é = g; therefore e”(x sipy+gin y'+ ycos y) + ¢'(x) = €*(x siny+sin y + ycos y), thus

¢'(x)=0and ¢(x)=c, ¢ is a constant which we can neglect, therefore v = e*(x sin y + ycos y). If
we put x =z and y = 0; thus\f(z) = z €. (5 marks)
i) From Inverse Lagrange formula, we get

x = VDU HY=47)(Y-15) gy, Y=3)y-4)y—-47)(y-15)
(3+7)(3-8)3-47)(3-15) *  (-7-3)(-7—4)(-7-47)(-7-15)

A O Y =47)(Y-15) 45, Y-+ DN-4)y-15)
(4=8)(4+7)(4—47)(4-15) (47-3)(47+7)(47-4)(47-15)

=39+ Nly-Ay-47) g
(15-3)(15+7)(15—4)(15-47)

+

Puty =0, so that we get one of the roots. (5 marks)



1/2

b- i) Put Ln(2t) = -y, thus dt = - (¥/2) dy, therefore j t™ In (U 2ty dt = }n [ye™ dy
0

1/2

Put my = x, hence jt "I @/2t) dt= S J'yemy dy—— %e-x d%:zml 2
m

1) Since z =5 is outside contour and z = 1 inside contour, therefore:

cos(z) cos(z)/(z-5) cosl
¢ z2 —6z+5 [(]:j z-1 dz=2m (74~ )

© o0
X2 +AX-4 4, — -(X—2)2 — 72 - _ -
i) je dx je dx , Puty = (x—2)2 = dy = 2(x-2) %" = dx —2\/_
22 gy = J‘1/2y _n
j e d yHeeYdy 5
3
) [2E25 T 47 = —2ni £(i) = 4ni
HH R R R R R T R R R R R R R

By Dr. Khaled Els=Naggar



