Faculty of Engineering (Shoubra) _~ Engineering Mathematics and
Benha University SN Ph%/sics Department
Time allowed: 3 hours 1% year Production 16" of January 2011

Mechanical Department

The Examination consists of 5 questions with 15 sub questions (7 points for each sub question)

Question 1
a- Test the following series for convergence:

L 55 +7 o (D) .l
) nzzlgugn " Z3"(2n!)2 0 2

n=1 n=1

b- Find minimal distance of the point (0, 0, -1) from the plane given by 3, z=2x -y + 1
c- Solve the following differential equations:
i) (v + In())dx +(x+y*) dy=0 i)y +y =sec(x) i)y =2 (y/2x) - (xy)’

Question 2

a- Given R = (X, y, z) so that r = IRl = \x?+y?+22 /Show that V (") = n r"? R, for any integer n,
then deduce grad (r), grad (r*), grad (1/r).

b- Define: Sequence - Cauchy sequence — Order and degree of D.E. — Homogeneous function —
Homogeneous D.E. (give an example for.each)

c- Verify Green’s Theorem to evaluateéxy dx +x2y3dy, where c is the triangle whose vertices

(0,0), (1,0), (1,2) with positive orientation.

Question 3 X4y

a- Expand the function f(x;y) =tan'1(x_y) using Taylor series about (0,1)

b- Solve the D.E. 9x?y™" - (4+x) y = 0 using series solution.

c- Solve the follewing differential equations:

. ﬂ_x+y+3 v A . _ X ain? ceey s . — o 2
1) dx Xyl )y +2y +2y=e" sin“(2x) i)y~ + 5y + 6y = 2-x+3x
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Question 4

a- Find envelope of the function f(x, y, t) = T + 1yt =1

b- Convert y™ + ¢(X)y = y(x)y" into linear D.E.
c- Evaluate the following integrals

2 \J4-x2
) [ ] yx%+y?dydx

2 0

(11_2)

i) [ (x+3y)dx+(3x—2y)dy where the path cis y*+ 5x*+3x=0
(0,0)

Question 5

a- Determine the critical points and locate any relative minima, maxima and saddle points of
function f defined by f(x , y) = - x* - y* + 4xy

b- Find the volume of the parallelepiped spanned by the vectors
u = (1,0,2) V. =(0,2,3) w = (0,1,3)

If F = (X%, yz, X + z). Find (i) curl curlsF; (ii).grad.div F

c- Find interval of convergence forithe following power series

n o0

N X 3 . ne”
I)Z(n2+1)(><-2)” 2, X"

n=1

Good Luck
With all best wishes to succeed
Dr. Khaled EI Naggar




Model answer

Answer of Question 1

n+l n+1

5 _ (5/7) 3" 3h4 2"
a-i) By ratio test, we get that IIm ( n+1 n+1 )(5 +7n) m il (2/3)n+1] = [w]
=7/3 > 1, therefore the series is divergent. (3 marks)
i) Let U, = _1 lim 1 =0, Uy = 1 hence” WU, >'U,.; . By using
3"(2nh? ' "> 3N(2nhZ 3"((2n+2)1)?’

o0 n
ratio test, we will get that Zgn IS convergent, SO Z (-1) is called absolutely
n

(2n))? = 3" (2n1)2
convergent. (2 marks)
0 n 0 e"
iii) Sincej% dn=(tan'e") =tan'w—tan~'e=—tan ey .therefore Z IS convergent.
1 e +1 1 e’ +1
(2 marks)

b) Let the point on the plane is (X, y, z) and f(kyy#Z2))= X* + y* + (z+1)° is the square of the distance
between (0, 0, -1) and (X, y, z), also d(X, Ynz) = z— 2x + y =1. By applying conditional extrema,
we get =1 ¢, =1 oy, .24 ¢pgpthus 2x = A (- 2), 2y = A (1) and 2(z+1) = A (1), therefore
X =-2y and z = y-1. Substitute.in d(X, ¥y, z) =z — 2x + y =1 so that (-2/3, 1/3, -2/3) is the point on

plane and the minimal distancé frem point (0, 0, -1) = /2/3. (7 marks)
c-) (y + In(X)dx<4+(x+y?) dy = 0 is exact D.E.  since %:g_l:(l: 1, therefore
gf—X:M(x,y): (y + In(x))=1(x,y) = xy + xLn x — x + ¢(y), thus %:x+¢'(y): X+y*, hence

b(y) = y 42+ 2y = e sin’(2x)y*/3, therefore solution is f(X,y) = Xy + xLn X — x + y*/3+ ¢
(3 marks)

i)y +y =sec(x) has homogeneous and particular solution so that the characteristic equation is

m?> +1=0= m =-i, i, thus yu= (c; cosx + ¢, sinx) and so the particular solution is:



Yo = Ui(X) cosx + ux(x)sinx, and yi(X) = cosX, Ya(x) = sinx where u,(x)= I Y,9(X) dx

W(y..Y.)
u,(x)= j ylg(x) dx , where W(y,.V,) =Y.y, - V.Y, =1, g(x) = secx, therefore:
2 ) 172 271 271
u, (x) = Ismx 3€CX 4x = Ln cosx and U, (x) ﬂ%dx:x (2 marks)

iii) y* = (y/2x) - (xy)® is Bernoulli D.E. , therefore y2 y'- y?/2x = - x%. Put z =W/ therefore
z’=-2y?y, thus z+ z/x = 2x* which is linear D.E. whose solution is zx =,-2 X°/ 5+c, hence

xy 2= -2 X’/ 5+c is the solution of D.E. (2 marks)

Answer of Question 2

2)(n/2)—1

a- V(" =V (X2 +y2+z3)"2= %(x2+y2+z (2Xi+2y%+2z K)=nr"R

Put n = 1, therefore grad (r) = =

put n = 2, therefore grad (r*) = 2 R,

put n = -1, therefore grad (1/r).= 13 R. (7 marks)
r

b- Sequence: group of elements related by general term whose domain is set of positive integers.
Cauchy Sequence: Every convergent sequence is called Cauchy sequence.
Order of D.E. #is the'highest derivative of D.E.
Degree ofD.E\ :'1s the power of the highest derivative of D.E.
Homageneous function: f(x,y) is homogeneous of order n if f(tx, ty) = t" f(x,y).

Homogeneous D.E. : is the D.E. in which the particular solution equal zero. (7 marks)



y (1,2)

\ 4
v
X

(0,0) ly (1,0)
If we express the problem in line integral, we havéto divide the path into three paths 1, :y =0,
:x=1, l3:2x=ysothatdy =0, dx =0, 2dx = dyyrespectively.

1
For path 15: | xy dx +x2y3dy = [ xy dx + x?ydy =0
| 0
1

2
For path I: [ xy dx + x2y*dy =[ yidy= 4
[ 0
For path I5: [ xy dx + x“y°dy = [[X(2X) + X°(2x)*(2)]dx =——, therefore
I, 1 3

2
24,3 _ —
ixydx+x ydy_I1+I2+I3_ 3.

By using Green‘theorem

1 y=2x
[xy dxshx?y*dy = [[(2xy®—x) dxdy = [ | (2xy” —x) dydx
c D x=0 y:O

1

x=0 3

I2

= I (8X5—2X2)dX = g (7 marks)



Answer of Question 3

X+Yy
) Lo a2 _ =y _ X _ 22Xy _ 22Xy

. 2y - Yex =Tt o4 f20f,=
vy (x2 N y2)2 , and fy, = x v y )2 At (0,1) , therefore f(0,1) 1 1, f,= 0, fu ="fyy,

=2 - 0, fyy = 1, then by substituting in Taylor formula, we get: f(x, y) = T+ X(y-1)
xZ+y22 " 4

b- We note that the series solution at x = X, , X, # 0 still in regular case, so'that the solution can

be expressed as in (4), but p(xX)=0& q(x) = are not amalyticat’x = 0, therefore x =0 is

-(4+ X)
9x?

called regular singular since xp(x) & x*q(x) are analytic at =0, then series solution about x = 0

can be expressed in the form:

y(X) = ianx”“,
n=0
Y= > (+c)a X",
n=0

y'(x)=> (n+c)(n+c-1)a,x**? [,
n=0
Substitute in the above D.E. , so we get

S > (n+c)(n+edl)a X" -(4+x) > a,x""° =0

n=0 n=0

o0 0 o0
9> (n#g)(n+c-1)a,x"c-4 > ax""¢->» a, X"t =0
n=0 n=0 n=0

Put n = m-1 for the 3" ‘term, n=m for 1% and 2" terms

We get [9c(c-1)-4 ] agx* + i ([9(m+c)(m+c-1)-4]la,-a,,, X" =0

6



By comparing of coefficients of x°, therefore

[9c(c-1) -4] ap = O, 2,7 0, then 9c(c-1) -4= 0, from which c,= -1/3,

C1- C, #integer. (case 1)

a

m-1

By comparing of coefficients of x™°, therefore a,, =

Atc=-1/3
=% =12
™ 9m2-15m’ ’
—a a -a a a
= —0 a,= L_ 0 g,=22___"0_ therefore
U676 36 36 (36)?

113 1 1 y2 1 3
= 1-ZX - = Xo_= X+ .,
U(X) =X""a [ 5 36 36)2 ]

Atc=4/3 , ap=—m — m=1,2/"
9m<“ +15m

ag & g _. 8 ay

24" %= 66" 1584" % T 126, 199584 therefore

a; =

V() = X ag [+ 24X v o x2 41

X3+
4% 1582 "1oosgz b U

Y(X) = Aagk e —Ex - L x2 1 x3, g4
() = Aag =5 % 36" 3oy ]

413 iX+1X2+ 1 X34
BXT a0 [1+9, % * 1584 ™ *1oosz T

~9(m+c)(m+c-1)-4

C, = 4/3 , therefore

(7 marks)



dy _x+y+3.
dx  x-y+1
have to follow these steps

c- i) Since IS non homogeneous equation. To solve this differential equation, we

(1) We have to get the point of intersection between x+y+3=0, x-y+1=0 which is (-2,-1),

(2) Put x=X-2, y=Y-1, dx=dX,dy=dY in the above differential equation, then —— dv _¢4 4 , SOt IS

dX X=Y'
a homogeneous equation,

vdX+Xdv _ X+vX 1+v

— = + - N
(3) Put Y=vX, and dY=vdX+Xdv, therefore 0x XX 1-V

(4) Integrate dX _ (1-v)dv , then put X=x+2, v= Y_y+l so that the'solution of the differential
X 1+V? X x+2
2 2
PR 4+9) = tan (Y1 (Y+D +(X+2)5,
equation is Ln(x+2) = tan (—x+2) In( (X127 )+C (3 marks)

i) y + 2y" + 2y = e* sin?(2x) has homogeneaus and particular solution so that the characteristic
equation is m? + 2m+2=0= m =-1+i, thus Yu= e (c.cosx+ ¢, sinx)and so the particular solution

5)(1= cost)__[1 (8sin2x +cos2x),

is yp:;eX sinx = a0

D?+2D+2 D? 2D+2(2

(2 marks)

i) y© + 5y + 6y = 2-x+3x? has/ homogeneous and particular solution so that the characteristic

equation is m? + 5m+6=0= m=-2, -3, thus yn= c.e>+ ¢, e*)and so the particular solution is

D2 +5D
6

1
D?+5D+6

Vp= (2—x+3x2):%(1+ ) 12—x+3x2) = %(6—6x+3x2) (2 marks)

Answer of Question 4

¥
a- Différentiate w.r.t. t such that —x/t* — y(1-t)*(-1) = 0, therefore t = L and 1-t=— X thus
T A

the envelope is (1 J_r\/g )(x£xy) =1 (7 marks)




b- A differential equation of Bernoulli type is writtenas y* + ¢(X)y = y(X)y"

This type of equation is solved via a substitution. Indeed, let z=y", then easy calculations give

z' =(1-n) y "y which implies 3—)2( + 1L—n)p(xX)z=2—-n)q(x). (7mérks)
2 J4-x2 2

c-i) Putx=rcos0,y=rsino, therefore [ | yxZ+y? dydx= (e drdezgn (3 marks)
2 0 00

i) Since Py= 3 = Py, therefore the integral independent on the path;thusswe can take the path as
the line joining between the two end points such that y = -2x,'hence dy = -2dx.

1-2) 1
Therefore [ (X+3y)dx+(3x—-2y)dy= [-19x dx =<19/2
0

(0,0)

Answer of Question 5

a- f=-4 X* + 4y = 0, f,=-4 y® + 4x = 0, therefore y*= x°, substitute in one of the two equations,
hence (0,0), (1,1), (-1,-1) are the critical points-and®y = -12 X%, f,,= -12 y*, f,,= 4.

At (0,0), A=-16 <0, saddle point
At (£1, £1), A=128 > 0, fig T,y <,04 maximum point (7 marks)

1 0 2
b- Volume =u.(vXw)€s [0 2 3/=3.
0 1 3

[ k

<yxp=| 9 9 O |-yi.7x2

Curl F&,VxF = x o @ yi- j-x“k
X%y yz Xx+z




i j kK

o O 0 A
Curl CurlF=|=— =— =|=2xj+Kk

url Cu X oy o X j

EVERS e

DivF=2xy+z+1,graddivF=2yi+2x j+ k (7 marks)
3n 3n+1
c- 1) Since U, = +—, and U = T hence the
(n*+1)(x-2) ((n+1)* +1)(x2)
n+l 2 _ n 2
ratio et - (" +1)(x-2) n+1‘: 3(? +) |,therefore
R e +1) +1)(x-2)|
. vl 3(n?+1) _
il Jnl i (N+1)7 +1)(x- 2)% lim (x 2| 1 to be convergent, hence [x—2|>3, thus x > 5
or x < -1 is the interval of convergence. (4marks)
-n2 (n+1)2
i) Since U,, = n e cand Uy = (n +1)ne+l ..hence the ratio
X
Uil x”(n+1)e'(”+1)2|_ (0#1) |
U, ‘_ XML P ‘_ ne(2n+1)x|
-n2

Therefore I|m Uns = lim (n 1) is convergent for all x. (3 marks)

n—>oo

S Ne
—— =L 1 =0<1, hence

By.Dr. Khaled El Naggar — Faculty of Engineering - Shoubra

10



