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e Answer al the following questions e No. of questions: 3
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Question 1 (30 marks)
a) Test the following series for convergence:
y 25 +7" n" © 4n’+n G
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b) Find interval of convergence of the series Z%

Question 2 (30 marks)

i) If s=f(uv) =u?+ V3 u=x* andv =sinx, find ?
X
ii) Find envelope of the function (x-cosal)” + (y-sinal)* = p

X+Y
Ii1) Expand the function f(x, y) =In(X_y) using Taylor series about (0,1)

3,3

V) u= tan_l[x y ], show that x ux +y uy, = sin2u
2X +3

v) Find all relative extrema and saddle points for f(x,y) = -x*-4x - y*+ 2y - 1

Question 3 (40 marks)
Solve the following differential equations:
= w Y = Y= _ 3
Y= &rxsny b)y" = (y/x) + tan(y/x) )y =(y/2x) - (xy)
d) y’+5y +4y = e cos2x @y -2y +y=(x*-1) € + (3x+4) &
Questions | Total marks | Achieved ILOS
Q1 30 bl
Q2 30 al
Q3 40 al, cl
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M odel answer
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1a-i) By ratio test, we get that IIm ( )( Y= | [
n+1 2n+1 n n_)oo 3n+1 1+ (2/3)n+1
n n n
3—,1[%] =7/3 > 1, therefore the series is divergent.
7 5 +7
a-ii) limp[ n ]n =lim[ n ]= 1. 1, thus Z n" = IS convergent.
e\l (30 + 2) n>x (3n+2)° 3 1(3n+2)

1aiii) The series S vV, n’3is divergent, therefore 4n”+n is divergent.
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laiv) Since lim =0,Up>Upg, and D’ is convergent
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. ds oJsdu osd
2-1)— s_od —S—V—Zu(2x)+3v (cosx)

dx oJudx ovdx

i) ai [(x-cosa)® + (y-sina)® = p]=2(x - coso)sino = 2(y-Sino)cosoL=>tana = y/x, therefore -
o

xsina+ycosa = 0, thus tanoa=y/ X, SO cosa = L, sina= —% , hence envelope is
x2+y2 x2+y2
JXZ+y2-1=1p.
iif) We have to get fy, fy , fxx , fxy , fyy such that fy = 1 i f, = 1 +i’
X+y X-y X+y X-y
-1 1 -1 1 -1 1
fyy: fxy:

T oy T oy ey YT oy (xoy)



Therefore: a (0, 1), f(0,1) = O, fx =2,y =0, fx =0, fyy = 0, fyy = -2, therefore f(x,y)= (0, 0) + % (

fx(0,0) (x-0) + fy(0,0)(y-0)) +% (0D (x-0)° + 2(x-0) (y-1) fiy(0, 1) + fiy(0, 1) (y-1)°) , therefore

f(x.y) =2x +x (y-1)

3,.3
+
iv) Since y - tan u = z is homogenous of degree 2, therefore x z, +y z, =2z =
2X + 3y
dz ou dz ou .
X——+4+y-——=2tanu, hencex uy +y uy = sin2u.
du ox du oy

v) Find thefirst partial derivatives fy and fy such that f.(x,y) =-2x -4 , fy(X,y) =-2y + 2

Determine the critical points by solving the equations f.(x,y) = 0 and f,(x,y) = 0 simultaneously, hence,
-2x—-4 =0, -2y + 2 =0, therefore the critical point is (-2,1), then determine the second order partial
derivatives such that: fu(X,y) = -2, fyy(X)y) =-2, fiy(X,y) =0, hence A >0, thereforeit is amaximum

point.

3-a) (cosy-ye)dx —(e* +xsiny)dy =0 = M= Ny=-siny — € = therefore the D.E. is exact, thus

fy=cosy -y €=f(x,y) =xcosy -y € +g(y) = fy=-xsny-e+g(y) =Nxy) = g(y) =0,
therefore g(y) = ¢ = f(x,y) =xcosy -y € + ¢

3-b) Puty = vx = dy = vdx + xdv= vdx + xdv = (v + tanv)dx = cotv dv = dx/x = Insin (y/x) = Inx

3-c) y'=(y/2x) - (xy)? is Bernoulli D.E., thus y3y'- y%/2x= - x>. Put z=y?*= z=-2y3y =
Z'+z/x = 23 whichislinear D.E. whose solution is zx = -2 x*/ 5+c, so xy 2= -2 x°/ 5+c is the solution
of D.E.
3-d) The characteristic equation is r? +5r+4=0, therefore  r=-4, -1, thusy. = (c,€* + c,€%)
sz% e cos2x = e~ . 1 cos2x = > 2; COS2X
D?+5D+4 (D+5)? +5(D+5)+4 D? 115D +54
5 1 cos2x = & (15[2)-50) cos2x = & (—30sin 2x - 50cos2x)
15D +50 225D7 + 2500 225(-4) + 2500

3-e) The characteristic equation is r* —2r+1=0, therefore  r=-1, -1, thusy. = (c; €* + c, xe™)
1 2 2X 2% 1

Yp(X)= ——————[(X*- D) e+ (Bx+d) €] =& ————

P9 = 57 peg O (Bl D?+2D+1

= e®[1-2D +3D7 (x*- 1) - & (X2 + 2 X%

(x*-1) - € §(3x+4)



