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Benha University 

Faculty of Engineering  –  Shoubra 

Department of Energy and Sustainable Energy   

Course:  Mathematics 3    Code:  EMP 201 

 

   

Final Exam 

Date:     January  24,  2016 

Duration:  3  hours 

Answer All questions     

The exam consists of one page                   No. of questions:  4                Total Mark:  40 

Question 1 

(a)Find the first and second derivatives of the function : 

     𝑓 𝑥, 𝑦, 𝑧 = 𝑥42𝑦 + sin 𝑥𝑦 + 𝑧 ln 𝑧 

(b)Find the envelope of the curves :   𝑥2 + (𝑦 − 𝑎)2 = 2𝑎. 

(c)If  𝑢 = sin−1 𝑥𝑧

𝑥2+2𝑦2 + sech−1 𝑦𝑧

𝑦2−3𝑧2 .  

    Show that  𝑥. 𝑢𝑥 + 𝑦. 𝑢𝑦 + 𝑧. 𝑢𝑧 = 0 

(d)Determine the extrema of the function :  𝑓 𝑥, 𝑦 = x3 − y3 + 3xy. 

Question 2 

(a)Find a point on  x2 + y2 − 12x + 35 = 0  which is nearest the origin. 

(b)Find the area of the region bounded by the curve: 

   𝑥 = 𝑡 + 1,  𝑦 = 1 + 𝑒2𝑡 ,   0 ≤ 𝑡 ≤ 1. 

(c)Find the length of the curve:   𝑥 =
1

2
ln(1 + 𝑡2),  𝑦 = tan−1 𝑡 , 0 ≤ 𝑡 ≤ 1 

(d)Find the surface area of the surface generated by rotating, about x-axis,  

    the curve  𝑥 = 2𝑡,   𝑦 = ln 𝑡 −
1

2
𝑡2,     1 ≤ 𝑡 ≤ 2. 

Question 3 

(a)Find the unit vector in the direction normal to 
2x y 2xz 4   at the 

point (2, 2,3)  

(b)Show that 
3 2 2F (2xy z )i x j 3xz k   

   
 is conservative field, find 

the scalar potential for this field and find the work done due to move body 

from (1, 2,1)  to (3,1,4)  in this field. 

(c)Evaluate .F nds
 

given that 
2F 2yxi yz j xzk    and S   is the 

surface of  parallelogram bounded by :   

        x 0,  y 0,  z 0,  x 2,  y 1,  z 3      . 

Question 4 

(a)If  𝐹 =  𝑥2𝑦𝑧 𝑖 +  𝑥𝑦𝑧 𝑗 − (𝑥𝑦𝑧2)𝑘  . Find  div 𝐹   and  curl 𝐹 . 

(b)Evaluate .
C

F dr
 

  where ( ) ( 3 ) ( 2 )F t x y i y x j   
  

 and C  is the 
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closed curve   3cos , 2sinθ θx y     in  xy – plane.  

(c)Evaluate 

S

( F).ndS
 

  given that  
2 2F (2x y)i (yz ) j (y z)k   

   
  

    over the surface of the sphere : 
2 2 2x y z 1, z 0    .  

 

4 

        Good Luck       Dr. Mohamed  Eid       Dr. Fathi Abdsallam 
 

 

Answer 
Answer of Question 1 

(a) 𝑓𝑥 = 4𝑥32𝑦 + cos𝑥𝑦 . 𝑦,    𝑓𝑦 = 𝑥42𝑦 . ln 2 + cos 𝑥𝑦 . 𝑥,     𝑓𝑧 = 𝑧.
1

𝑧
+ ln 𝑧 

 𝑓𝑥𝑥 = 12𝑥22𝑦 − sin 𝑥𝑦 . 𝑦2,   𝑓𝑦𝑦 = 𝑥42𝑦(ln 2)2 − sin 𝑥𝑦 . 𝑥2,   𝑓𝑧𝑧 = 0 +
1

𝑧
 

𝑓𝑥𝑦 = 4𝑥32𝑦 . ln 2 − sin 𝑥𝑦 . 𝑥𝑦 + cos𝑥𝑦 . 1,    𝑓𝑥𝑧 = 0,   𝑓𝑦𝑧 = 0 

-----------------------------------------------------------------------------3-Marks 

(b)Differentiate with respect to a, we get   0 − 2(𝑦 − 𝑎) = 2 

Then  a = y + 1. 

Then the envelope is : 𝑥2 + (−1)2 = 2(𝑦 + 1)   Or  𝑥2 = 2𝑦 + 1 

-----------------------------------------------------------------------------2-Marks 

(c)u(x, y, z) is homogenous of degree 0.  

Then from Euler;s theorem, we get  𝑥. 𝑢𝑥 + 𝑦. 𝑢𝑦 + 𝑧𝑢𝑧 = 0. 

-----------------------------------------------------------------------------2-Marks 

(d)Since  𝑓𝑥 = 3𝑥2 + 3𝑦 = 0,    𝑓𝑦 = −3𝑦2 + 3𝑥 = 0 

Then  𝑥 = 𝑦2  and   3𝑦4 + 3𝑦 = 0. Then  y = 0, – 1. 

Then, we get the points  𝑃1 =  0,0 , 𝑃2 =  1,−1 . 

At  𝑃1 =  0,0 ,  ∆= 𝑓𝑥𝑥 . 𝑓𝑦𝑦 − (𝑓𝑥𝑦 )2 =  6𝑥  −6𝑦 − 9 = −9, Saddle point. 

At  𝑃2 =  1,−1 ,  ∆= 𝑓𝑥𝑥 . 𝑓𝑦𝑦 − (𝑓𝑥𝑦 )2 =  6𝑥  −6𝑦 − 9 = 27, minimum point. 

-----------------------------------------------------------------------------3-Marks 
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Answer of Question 2 

(a) The distance is :   𝑑 =  x2 + y2 . Then  𝑓 𝑥, 𝑦 = x2 + y2   

From the equation :   x2 + y2 =  λ( x2 + y2 − 12x + 35)   

  
δ

δx
 :  2x =  λ( 2x − 12),  then  

  
δ

δy
 :  2y =  λ( 2y), then   2y 1 −  λ = 0  and  y =  0  or   λ = 1 

If  λ = 1, the first equation is not satisfied. 

Then λ ≠ 1,  y =  0, substitute in the given equation, we get 
      x2 − 12x + 35 =  x − 5  x − 7 = 0 
Then we get,  x = 5,  x = 7 and the points  𝑃1 =  5,0 , 𝑃2 =  7,0  
Since  𝑓 5,0 = 25  𝑎𝑛𝑑 𝑓 7,0 = 49. Then the required point is 𝑃1 =  5,0  

-----------------------------------------------------------------------------2-Marks 

 𝑏  𝐴 =  𝑦. 𝑥 
1

0

𝑑𝑡 =  (1 + 𝑒2𝑡)
1

0

𝑑𝑡 = 𝑡 +
1

2
𝑒2𝑡 =

1

2
+

1

2
𝑒2 

-----------------------------------------------------------------------------2-Marks 

 𝑐  𝐿 =   (𝑥 )2 + (𝑦 )2
1

0

𝑑𝑡 =   [
𝑡

1 + 𝑡2
]2 + [

1

1 + 𝑡2
]2

1

0

𝑑𝑡 

         =   
𝑡2 + 1

(1 + 𝑡2)2

1

0

𝑑𝑡 =  
1

 1 + 𝑡2

1

0

𝑑𝑡 = sinh−1 𝑡 = sinh−1 1 = 0.84 

-----------------------------------------------------------------------------3-Marks 

 𝑑  𝑆𝑥 = 2𝜋 𝑦. (𝑥 )2 + (𝑦 )2
2

1

𝑑𝑡 = 2𝜋 (ln 𝑡 −
1

2
𝑡2).  4 + [

1

𝑡
− 𝑡]2

2

1

𝑑𝑡 

           = 2𝜋 (ln 𝑡 −
1

2
𝑡2). (

1

𝑡
+ 𝑡)2

2

1

𝑑𝑡 = 2𝜋 (ln 𝑡 −
1

2
𝑡2). (

1

𝑡
+ 𝑡)

2

1

𝑑𝑡 

        = 2𝜋 (
ln 𝑡

𝑡
+ 𝑡 ln 𝑡 −

1

2
𝑡 −

1

2
𝑡3)

2

1

𝑑𝑡 

        = 2𝜋  
1

2
 ln 𝑡 2 +

1

2
𝑡2 ln 𝑡 −

1

4
𝑡2 −

1

4
𝑡2 −

1

8
𝑡4  

        = 2𝜋   
1

2
 ln 2 2 + 2 ln 2 − 4 −

5

8
  

-----------------------------------------------------------------------------3-Marks 
Dr. Mohamed  Eid 
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Answer of Question 3 

(a)Find the unit vector in the direction normal to x y xz 2
2 4  at the 

point (2, 2,3) . 

Solution: 

Since   is a normal to the surface   then the unit vector normal to   

in the form 







.Now: 

( )

      ( ) ( ) ( )

  ( ) ( ) at ( , , ).

2

2 2 2

2

2

2 2 2

2 2 2 2 4 4 2 2 3

2 4 4 1 2 2

3 3 34 16 16

x y xz

x y xz i x y xz j x y xz k
x y z

xy z i x j x k i j k

i j k
n i j k







   

  
     
  

        

    
     

 



 

-----------------------------------------------------------------------------2-Marks 

(b)Show that 3 2 2(2 ) 3F xy z i x j x z k   
   

 is conservative field, find 

the scalar potential for this field and find the work done due to move 

body from (1, 2,1)   to (3,1,4)  in this field. 

Solution: 

3 2 2

0

2 3

  

 

x y z

i j k

F

xy z x x z

  
  

  



 

Then the field 

F  is conservative and there exist scalar function  φ  such 

that F 
 

 thus: . .
φ φ φ

F dr φ dr dx dy dz dφ
x y z

  
     

  
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. ( )

( ) ( )

       ( ) ( ) ( )

is a constsnt

3 2 2

2 3 2

2 3 2 3

2 3

2 3

2 3

dφ F dr xy z dx x dy x z dz

xydx x dy z dx xz dz

d x y d xz d x y xz

φ x y xz c c

     

   

   

   

 

and the work don in the form: 

( , , )

( , , )

. ( )
2 2 2

1 1 1

2

1

3 2 2

3 1 4
2 3 2 3

1 2 1

2 3

202

 p p p

p p p

p

p

W F d r xy z dx x dy x z dz dφ

x y xz x y xz


     

    

  
 

-----------------------------------------------------------------------------4-Marks 

(c)Evaluate 
S

dsnF.  given that kxzjzyiyxF  22  and S   is the 

surface of parallelogram bounded by    

0, 0, 0, 2. 1, 3x y z x y z       . 

Answer 

Use divergent theorem . .
S V

F nds F dV  
   
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 

 

 

2 2

2 1 3
2

0 0 0

2
21 3 1 3

2 2

0 0 0 00

1
23 3

2 2

0 00

3

. 2 2

. . 2

2 4 2 2
2

4 2 2 2 2 2
2

2 2 2
3

S V

x

x

y

y

z

F yx y z xz y z x
x y z

F nds F dV y z x dxdydz

x
yx z x dydz y z dydz

y
z y y dz z dz

z
z z









  
      

  

    

 
       

 

 
       

 

 
    
 

    

   

 

 

 

 
3

3

0

0

6 18 6 30

z

z

z









   

---------------------------------------------------------------------------4-Marks 

Answer of Question 4 

(a)If    
2 2

F x yz i xyz j xyz k  
   

 Find FcurlFdiv ,  

Solution: 

 31 2 FF F
div F F

x y z

 
     

  

 
 

     

 31 2

2 2
2 2

FF F
div F F

x y z

x yz x yz x yz x yz xz x yz xz
x y z

 
     

  

  
       
  

 

 

 3 32 1 2 1F FF F F F
curl F i j k

y z z x x y

         
          

          

   
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       

        

 



2 2 2

2

xyz xyz i x yz xyz j
y z z x

xyz x yz k
x y

      
        

      

  
  

  

           

     

2 2 2 2

2 2 2 2

xz xy i x y yz j yz x z k

xz xy i x y yz j yz x z k

            
          

      

  

  
 

---------------------------------------------------------------------------3-Marks 

(b)Evaluate .
C

F dr
 

  where ( ) ( 3 ) ( 2 )F t x y i y x j   
  

 and C  is the 

closed curve  3cos , 2sinθ θx y   in planexy   

Answer 

   

2

0

2
2 2

0

2

0

3cos , 3sin 2sin , 2cos

. ( 3 ) ( 2 )

(3cos 6sin )( 3sin (2sin 6cos )2cos

( 9cos sin 18sin 4sin cos 12cos )

5sin cos 9 1 cos2 6 1 cos2

    

   

    

    

       



 







 


π

π

π

θ θ θ θ θ θ

θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ

θ θ θ θ θ

C

x dx d y dy d

F dr x y dx y x dy

d d

d

d

   

2
2

0

5 1 1
sin 9 sin 2 6 sin 2

2 2 2

       9 2 6 2 6

    
       

    

    

π

θ θ θ θ θ

π π π  
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Another Solution 

Apply Green Theorem  

2 2

2 2

( / 9) ( / 4) 1

( / 9) ( / 4) 1

. ( 3 ) ( 2 )

( 2 ) ( 3 )
            =

( 2 3) 2 3 6

 

 

   

    
 

  

     

 





 


π π

C

x y

x y

F dr x y dx y x dy

y x x y
dxdy

x y

dxdy

- 

----------------------------------------------------------------------------4-marks 

(c)Evaluate ( ).
S

F ndS 
 

 given that   

kzyjzyiyxF
222  )(  over the surface of the sphere   

01222  zzyx , .  

Solution 

The bound of the surface at 0z  is the curve 122  yx  

Then iyxF )(  2  and by using parametric equations    

tytx sin,cos       then tdtdx sin  

Apply Stokes' theorem  
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2

0

2
2

0

2

0

22

0

( ). . (2 )

(2cos sin )( sin )

( 2cos sin sin )

1
2cos sin (1 cos2 )

2

1 1
cos sin2

2 4

S C C

F ndS F dr x y dx

t t t dt

t t t dt

t t t dt

t t t










    

  

  

 
    

 

   

  







   
 

              

2

0

2
2

0

2

0

22

0

. (2 ) (2cos sin )( sin )

( 2cos sin sin )

1
2cos sin (1 cos2 )

2

1 1
cos sin2 ................(1)

2 4

C C

F dr x y dx t t t dt

t t t dt

t t t dt

t t t










    

  

 
    

 

   

  





 
 

 

 

Another Solution 

First we find F  as following

2 2
2

i j k

F k
x y z

x y yz y z

  
  

  

  

 
 

( ). .
S S R

F ndS k n ds dxdy       
   
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Where dxdydsnk .  and the value of the integral  dxdy
R

  is the area of 

the circle 
2 2

1x y   which is equal π  
-----------------------------------------------------------------------------4-Marks 

Dr. Fathi Abdsallam 


