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Question 1
(a)Find the first and second derivatives of the function : 3

f(x,y,z) = x*2Y + sinxy + zlnz

(b)Find the envelope of the curves : x% + (y — a)? = 2a. 2

()If u =sin™! ﬁ + sech™! yz}—]Z322 : 5
Show that x.u, +y.u, +z.u, =0

(d)Determine the extrema of the function : f(x,y) = x® —y® + 3xy. 3

Question 2

(a)Find a point on x? + y2 — 12x + 35 = 0 which is nearest the origin. 2

(b)Find the area of the region bounded by the curve: 2

x=t+1, y=1+¢e%, 0<t<1.
(c)Find the length of the curve: x=%ln(1+t2), y=tan't, 0<t<1 |4

(d)Find the surface area of the surface generated by rotating, about x-axis, 3
thecurve x =2t, y= lnt—%tz, 1<t<2.

Question 3

(a)Find the unit vector in the direction normal to X2y +2XZ =4 at the 2

point(2,-2,3)

(b)Show that F = (2xy + 23)T+ X2]+ 3xz2K is conservative field, find | 4

the scalar potential for this field and find the work done due to move body

from (1,—2,1) to (3,1,4) in this field.

(c)Evaluate # F.nds given that F = 2yxi +yz ] +xzK andS s the 4

surface of parallelogram bounded by :
x=0,y=0,z=0,x=2,y=1 z=3.

Question 4

@If F = (x2y2)T + (xyz)] — (xyz?)k. Find div F and curl F. 3

(b)Evaluate gSEdF where F (t) =(x—3Y)i+(y—2x)] and C is the

C

1




closed curve X =3€0S0, y =2sin0 in xy — plane.
(c)Evaluate [[ (VxF).ndS giventhat F=(2x-y)i—(yz")j-(y’2)k | 4
S

2

over the surface of the sphere : X“ + y2 +2° =1, z>0.
Good Luck Dr. Mohamed Eid  Dr. Fathi Abdsallam

ANswer
Answer of Question 1

@) f, = 4x32Y + cosxy.y, fy =x%2Y.In2 4+ cosxy.x, f, =z.§+lnz

fox = 12x%27 —sinxy.y?, f,, =x*2Y(In2)* —sinxy.x?, f,, = 0+§

foy = 4x32Y.In2 —sinxy.xy 4+ cosxy.1, f, =0, f,=0

————————————————————————————————————————————————————————————————————————————— 3-Marks
(b)Differentiate with respect to a, we get 0—2(y —a) =2

Then a=y+ 1.

Then the envelope is : x? + (-1)? =2(y +1) Or x2 =2y +1
----------------------------------------------------------------------------- 2-Marks
(c)u(x, y, z) is homogenous of degree 0.

Then from Euler;s theorem, we get x.u, +y.u, + zu, = 0.
----------------------------------------------------------------------------- 2-Marks

(d)Since f, =3x*+3y =0, f,=-3y*+3x=0

Then x =y? and 3y*+3y=0.Then y=0, - 1.

Then, we get the points P, = (0,0), P, = (1,—1).

At Py =(0,0), A= fir. fy — (fiy)? = (6x)(—=6y) — 9 = —9, Saddle point.

At P, = (1,-1), A= fir. fyy — (fiy)? = (6x)(=6y) — 9 = 27, minimum point.
----------------------------------------------------------------------------- 3-Marks

2



Answer of Question 2
(@) Thedistance is: d = /x% +y2 . Then f(x,y) = x* +y?
From the equation : x? +y? = A(x? +y? — 12x + 35)

= 2x = A(2x— 12), then
2y = A(2y),then 2y(1—A) =0and y=0or A=1

5 .

g .
If A =1, the first equation is not satisfied.
Then A # 1, y = 0, substitute in the given equation, we get

x> —12x+35=x—-5(x—-7)=0

Then we get, x =15, x =7 and the points P, = (5,0), P, = (7,0)
Since f(5,0) = 25 and f(7,0) = 49. Then the required point is P; = (5,0)
————————————————————————————————————————————————————————————————————————————— 2-Marks

1 1 1 1
(b)A=f y.fcdt=f (1+e)dt=t+-e?* ==+

0 0 2 2
————————————————————————————————————————————————————————————————————————————— 2-Marks

1 1 1
(©L =fo ()2 + (y)?dt =f0 \/[1th2]2 gl

1 2 1
f e+l dt f ! dt = sinh™1t =sinh~11 = 0.84
= — 5 at = = sin = sin = 0.
0 o (1 +1t2)? 0 V14 t?

----------------------------------------------------------------------------- 3-Marks

2 2 1 1
d)S, =2 AEE+ ()2dt =2 Int —=t2). |44 [-—t]%d
@S, =2r [ y[GP TGP de=2r | (ne-3e) B ae
2 2
=27Tf1(lnt—%t2). /(%+t)2dt=2nj;(lnt—%tz).(%+t)dt

=2 lent+t1t 1t 1t3 dt
=] Cprthnt—gt=9t)

eZ

N =

1 1 1 1 1
= Zn(i(lnt)z +=t?Int ——t> — —t? ——t4>

2 4 4 8
= 27T(<%(1n2)2 +2In2 —4) —g)
----------------------------------------------------------------------------- 3-Marks
Dr. Mohamed Eid
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Answer of Question 3

(a)Find the unit vector in the direction normal to X’y +2xz =4 at the
point(2,-2,3) .

Solution:

Since V ¢ is a normal to the surface ¢ then the unit vector normal to ¢

in the form Q.Now:
v

§¢=§(x2y+ 2X2)
0

=2 (x%y+ 2xz)i+£(x2y+ 2xz)]+£(x2y+ 2xz) k
OX oy 0z

=(2xy+22) i+ X2 j+(2X)k ==2i+4 j+4Kk at (2,-2,3).

— V¢ 2i+4j+4k -1 2- 2-
SN=—F= =—i+—-j+=k
Vgl a+16+16 3 37 3

————————————————————————————————————————————————————————————————————————————— 2-Marks
(b)Show that F =(2xy+2%)i + x? j+3xz%k is conservative field, find
the scalar potential for this field and find the work done due to move
body from (1,-2,1) to (3,1,4) in this field.

Solution:

VxF =

P -
Qo =i
Il
o

J
0
oy
3

2Xy+12° X~ 3Xz

N

2

Then the field F is conservative and there exist scalar function ¢ such

that E=§(p thus:F dr =Ve dr = Z¢dx+ % dy + Zq)dz =dg
X z



~do=F.dr=2xy+ z3)dx + xzdy + 3xz2dz
= (2xydx + x2dy) + (zsdx + 3x22dz)
= d(x2y) + d(ng) =d (x2y + x23)

o= x2y +x2°+e c is a constsnt
and the work don in the form:

Py P) Py

W= {[F.dr= _[ (2xy +z3)dx +x2dy +3x2°2%dz = _[ de
Py Py Py
=x%y +xz 3‘p2 =x%y +xz°3 ‘(3’1’4) =202
P, (1,-21)

————————————————————————————————————————————————————————————————————————————— 4-Marks

(c)Evaluate [[F.nds given that F=2yxi+yz® j+xzk and$S is the
S

surface of parallelogram bounded by

x=0,y =0,z=0x=2y =1z=3.

Answer

Use divergent theorem [[F.nds = [[[ V.FdV
s Vv



VE =% ouxs % ys249 5 - 2
V.F—aXZyx+ayyz +azxz 2y +Z°+X
1
[[Fnds=[[[ v.Fdv =] |
S Vv 0

(2y +2° +x)dxdydz

O =N
,\, O =y

< N/
X

X=2

dydz = (4y +22% + 2)dydz

13
=_[_[[2yx+22x
0 0

o'—-.oo
O ey
O ey O

3
( 42z y+2yJ dz =| (2+222+2)dz
0

3 z=3

=[22 +2Z—+2zJ =(6+18+6)'—> =30

3 z=0
z=0

——————————————————————————————————————————————————————————————————————————— 4-Marks
Answer of Question 4

(a)lf
F=x yz |+xyz J—xyz k Find div F, curl F
Solution:
div EzV-E=aF1+aF2+aF3
ox oy oz

dvE=v.E=91,%2 0F
oxX oy 0z

—i(x yz)+—(xyz)+%( xy22)= 2XYZ+ XZ—2XYyZ=XzZ

curl F aF3 an i_% j+ ai_ﬁ E
0z 0OX oX oy



|05 giom |+ )= o) 3

+[§X(xyz)—§y(x2yz)} K
| (= ?)- 0o T+ ()= (v ) [T+ )= ) J€
(—ramny )T+ {2y w32 2)T w{ye —x%2 )R

——————————————————————————————————————————————————————————————————————————— 3-Marks
(b)Evaluate $F.dr where F(t)=(x—3y)i+(y—2x)] and C is the
c

closed curve x =3c0s0, y =2sin@ inxy —plane
Answer

X =3c0s0, dx=-3sin0d0 y=2sin0, dy=2cos0do

$FAr=] (x-3y)dx+(y-2x)dy
c

27
= j (3c0os0 —6sin0) (—3sin0dO + (2sin® —6c0s0) 2cosOdO
0

2n
= [ (~9cos@sin®+18sin° 0+ 4sinBcos® —12cos’ 0) dO
0
2n
= [ |-5sinBcos0+9(1-cos20)—6(1+cos20) |do
0

2n
- §sin20+9 e—lsinZO -6 0+lsin29
2 2 2 ;

=|9(2n)-6(2n) |=6n



Another Solution
Apply Green Theorem

$Fdr=] (x-3y)dx+(y—2x)dy
c

_ H {8(y—2x)_8(x—3y)}dxdy ]
(X2 19)+(y? 1 4)=1 OX oy
= ] (-2 +3)dxdy =2x 3w =67
(x*19)+(y’/4)=1
———————————————————————————————————————————————————————————————————————————— 4-marks
(c)Evaluate .. [f (VxF).ndS given that
s

F= (2x — y)i — y22] — y2 z k over the surface of the sphere
x° + y2+22=1, 220.

Solution

The bound of the surface at z=0 is the curve x? +y% =1
ThenF = (2x — y)i and by using parametric equations
x=cost, y=sint  then dx=-sintdt

Apply Stokes' theorem



~f[ VxF)nds=¢ F.dr=¢ (2x- y)dx
S C C

2

= [ (2cost—sint)(-sint)dt
0
2
= | (=2costsint+sin®t)dt
0
2z 1
= | (—2costsint+E(l—cosZt))dt
0

—cos?t+ St - sinat 7=z
2 4 0

2r
¢ F.dr=¢ (2x—y)dx= [ (2cost—sint)(-sint)dt
C C 0
2

= [ (=2costsint +sin®t)dt
0
2z 1
= | (—ZCostsint+§(1—0032t))dt
0
—cos?t+2t—Lsin2t T
2 4 0

Another Solution

First we find Vx F as followingVx F =| —

2X—Y
~ff VxF)nds=[[ k.nds=[ dxdy ==
S S R

0z

~1



Where k.nds =dxdy and the value of the integral [| dxdy is the area of
R

the circle x*+ y? =1 which is equal
----------------------------------------------------------------------------- 4-Marks
Dr. Fathi Abdsallam
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