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1-1) Discuss two different numerical methods for solving the following system of ordinary

differential equation y " =f(t,y ,y,x) ,x =gt x,y,x)giveny(tp)=a, y(tp) =band

X(t()) =C, X‘(t()) =d. [30]
1-i1) Use modified Euler method to find y(t;) with a given h. [20]
1-111) Apply the above methods in solving the following differential equation [50]

X' -3y =2t+x-2y-7,2x +y =10t +y+3 -5, x(1)=2, y(1) =3

2-1) Discuss the solution U(x,y) of the following P.D.E. analytically: [30]
a- Uy =c* Uy, 0 <x <L, with B.C.: U(0,t) = U(L,t) = 0 and L.C. : U(x,0) = f(x), Uy(x,0) = g(x)
b-Ui=cUy 0<x<L, with B.C.: U(0,t)=U(L,t) =0 and I.C. : U(x,0) = f(x).

2-i1) Represent above P.D.E in square mesh using finite difference method taking h=k.  [20]

2-iii) If L = 1, f(x) = x(x-1), g(x) = 0, ¢ = 1, solve the above differential equations numerically

& analytically. [50]

Modified Euler method: y;. =y; + (h/2)[{(x;,y;) + T (Xi4+1,y; + hi(x{,¥;))]

Good luck Board of examiners Dr. eng Khaled El Naggar




Model answer
Answer of question 1
1-1) Using Taylor

Lety'=z, z =1(t,z,y,x) and letx'=w, w =g(t,w,y, X), thus y"=z" =1{t, z, y, X) and
y ' '=z"=ht,z,y,X,Z2,y,X ) Alsox =w=gt,w,y, X)) &X' =W =s(t, W, y, X, W, Y,
X).
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Since f{(t, z, y, x) and g(t, w, y, X) are given functions and t,, a, b, ¢, d are given constants,

hence we can get y(t) and x(t)




Using Picard
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{

0 tO

t t t t
Xpe] = Xo + .[wndt,thereforexlzx0+ ondt =c+ Iddt =c+d(t—ty) and x, =%y + ledt,

t t t t
where
t t
Wy = Wo + Ig(t, W, Ya» X, )dt, hence w; = wq + Ig(t, Wo, Y. Xo)dt=d+
{ {
0 0

t

Ig(t, d, a, c)dt.

Y

t t
Therefore x, = xg + I[d + If(t, d, a, c)dt] dt.
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1-i1) Use Modified Euler method:

yie1 = Yy;i T (W2) [2z7+h {(t;, z, yi, X;)], therefore y, = yo + (h/2) [2z+h f(to, Zo, Yo, X0)] =
yi=a+ (h/2) [2b + h f(ty, b, a, ¢)] and y, =y, + (h/2) [2z, + h (t;, zy, Y1, X;)], Wwhere

X1 = Xo + (h/2) [2woth g(to, Wo, Yo, Xo)] = X1 =X + (h/2) [2d + h g(to, d, a, ¢)]




1-iii) x'=x"—2tx + y = 2t = f(x,y,t), y=y-X —2tx + 2t + 3 = 0 (xYy,t),X0=2,y0=3,t=1
Yin = Y; + (W2)[o(t;, x;, y;) + (t;,, X; +hilt;, x;, ¥;), y; +ho(t;, x;,y;) )]

Put 1 =0, therefore

Y, =Y, + (02)[@(t),X,,Y,) + O(t;, X, Thilt), X,,¥0), ¥, Tho(ty, Xy, ¥,) )= 2.9585

By picard

t t t
Vo1 = Vo + j (x,z, +28x, -y, )dt, X, =X+ j -10(x, -y,)dt, z,q =270+ j (x,y, -8z,/3)dt,
ty to to

t t
yo =-1, X =2, to = 0, zy = 3, thus x; = Xg JrJ‘-IO(x0 -y,)dt, y1 =yo ‘f‘I(XOZO + 28x, -y,)dt
t t

t
and z;, = zg +_[(><0y0 -8z,/3 )dt, therefore x; = 2-30t, y,;=-1+51t, z; = 3-10t. Similarly,
t

t t t
X, = X0+I—10(X1 -y)dt,  ya =y -l-j()(]z1 +28x, -y,)dt and z,= 7, +I(x]y, -8z,/3 ) dt,
K f f

therefore x, = 2 - 30t + 405>, y, =-1+51t—<(781/2)t* - 100t’, z, = 3-10t +(238/3)t* - 510t".

2. using Buler, X,+1 =X, +h [-10(X; - Vu)], Yor1 = Yn T h [-Xq 2o+ 28 X, - yu], thus x; =X +h[-
10(Xo - yo)] = 0.5=x(0.05), y; = yo +h [-x¢ zo + 28 X9 — yo] =1.55 = y(0.05) , therefore x(0.1) =
X, = X1 th[-10(x; - y;)] = 1.025

Answer of question 2
2-i)

a) We use Separation method to solve the Wave equation, so that the solution is expressed as

Ux,t) = ¢(x)F(t), therefore Uy,= ¢'(x) P(t) and Uy = ¢(x) P"'(1), thus c*¢""(x) P(t)=
o(x) P(1).




Thereforem = 1 v"(x)
O(x) 2 y(x)

Thus ¢''(X)+A G(X)= 0, the characteristic equation is m*+ A =0, so

= — A, where A is positive constant.

O(x)=c¢; cos\/xx + ¢, sin\/x X.
And W''(t)+ ¢*A P (t) = 0, the characteristic equation is n*+ ¢* =0, so

W(t)=c; cos c/A t + ¢4 sin c/A t.

Therefore U(x,t) = (¢, cos\/x X+ ¢ sin\/x x)( ¢c3 cos c\/x t + ¢4 sin c\/x t).

But U(0,t) = 0, therefore c¢; ( c¢3 cos c\/Xt + ¢4 sin c\/Xt) = 0, thus c¢;= 0, hence
U(x,t) = (c, sin\/XX)( C3 COS c\/Xt+c4 sin c\/Xt).

Since U(L,t) = 0, therefore (c, sin\/x L)( c3 cos cﬁ t+ ¢4 sin c\/x t) =0, but ¢, #0, thus

sinn/A L =0, hencex/AL=nn=> A = (IEE)Z’ n=1,2,3,.... Therefore ¢(X)= (c, sin

( )x) thus U(x,t) = Z sm( )X[ A, cos (cnn) t+ B, sin (cnn)t]
But U(x,0) = f(x) = i Ansin(IET’)X , which is Fourier sine series such that
n=l|
L
_2 [1(x) sin(IET)X dx
Lo

Since Uy(x,t) = Z (Cnn)sin(rit)x[ -A ,sin (cnn)t + B,, cos (cnn)t]

o0
And U(x,0) = g(x) , therefore >’ B (Cmc)sm( )X g(x) , which is Fourier sine series such
n=l




L
that B, (CnLTc) _2 [g(x) sin(IET)X dx, therefore
Lo

B, = 25 [g(x) sm(mc)x dx
CNT o

b) We use Separation method to solve the Heat equation, so that the solution is expressed as

Ux,t) = ¢(x)¥(t), therefore U= ¢"'(x) Y(t) and U, = ¢(x) P'(t), thus cdp”(x) ¥(t)=
o(x) F'(1).

¢"(x) _ 1W'(x) _
o(x) ¢ y(x)

Thus ¢''(x)+A ¢(x)= 0, the characteristic equation is m*+ A =0, so

Therefore — A, where A is positive constant.

d(X)= c; cosvA x + ¢, sinv/A x and W'(t)+ cA W(t)= 0, the characteristic equation is n +
cA=0,s0 P(t)=c; e

Therefore U(x,t) = (¢, cos\/x X+ ¢y sin\/x x)( ¢3 et 9.

But U(0,t) = 0, therefore U(0,t) = (c{)( c3 e " =0, thus ¢,;=0, hence U(x,t) = (¢, sin\/x x)( ¢3
e ", and U(L,t) = 0, therefore: (c, sin\/A L)( c3 e % =0 and ¢, #0, thus sinn/A L =0,
hence VAL=nn= A = (I}jc)z, n=1,2,3, ... Therefore ¢(X)= (c, sin (IET) X), thus

(_Cl’lﬂ?

U(x,t) = i A e s1n( )X but U(x,0) = f(x) = z A Sln( )X which is Fourier
n=l

: : 2L . N7
sine series such that A, = — [ f(x) sm(f)x dx
Lo




2-11) To solve the above equation numerically , we use graphical representation of partial
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and for U, = ¢ Uy, the formulais  h[u, ,, —u;;] =c¢ [ug,;—2u;+u;, ;]
o0

2-iii-a) U(x,t) = 2, Sin(IEE)X[ A, cos (cnn) t+ B, sin (cnn)t]
n=l

L
- ijf(x) sin(nL“)x dx, B, = 2; g(x) sin(M" {xdx,
CNnmo
(-enm)

o0 L
2-iiib) Uty = S Ape L tsin(fff)x,An = = [£(x) sin()x dx
n=l L 0

L=1,c=1,gkx)=0,f(x) =x(x-1)




1. Overall aims of course

By the end of the course the students will be able to:
« Solve ordinary and partial differential equations numerically
« Recognize finite difference method in solving P.D.E.

« Describe error analysis and stability for P.D.E.
2. Intended Learning outcomes of Course (ILOs)

a. Knowledge and Understanding:

2.1.1 Identify theories, fundamentals of ordinary and partial differential equations [Q1, Q2]
2.1.3 Recognize the developments of finite difference method in solving P.D.E.  [Q2]
2.1.4 Summarize the moral and legal principles of error analysis and stability [Q1]

b. Intellectual Skills

2.2.5 Assess solutions of partial differential equations using finite difference method. [Q2]

¢. Professional and Practical Skills

2.3.1 Interpret professional skills in estimating error analysis and stability. [Q1]

d. General and Transferable Skills

2.4.1 Communicate effectively using researches of new topics about solutions of ordinary and
partial differential equations .
2.4.5 Assess the performance of error analysis and stability

2.4.6 Work in a group and manage time effectively







