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5 marks]1Question 1   [ 

Test the following series:              

    (a) ∑  
2𝑘+3𝑘

4𝑘+5𝑘
∞
𝑘=0     (b) ∑  

(−1)𝑘

𝑘 ln(𝑘)
∞
𝑘=2  

marks] 5[22   Question  

Solve the following ODEs: 
(a) (𝑥 + 𝑦 + 4)𝑑𝑥 + (2𝑥 + 2𝑦 − 1)𝑑𝑦 = 0             (b) 𝑦′′ − 6𝑦′ + 9𝑦 = 𝑥−2𝑒3𝑥                           

(c) 𝑦′′ + 4𝑦 = 𝑥 sin(2𝑥) 

[25 marks]   3Question  

(a) Evaluate ∬ (∇⃗⃗ × 𝐹 )
𝑆

. �⃗�  𝑑𝑆  where  𝐹 = (𝑥2 + 𝑦 − 4)𝑖 + (3𝑥𝑦)𝑗 + (2𝑥𝑧 + 𝑧2)�⃗�   

and  S  is the surface bounded by the parabolid  𝑧 = 4 − (𝑥2 + 𝑦2) , 𝑧 ≥ 0. 

(b) Verify Green’s theorem for the integral  ∮ 𝑥𝑦 𝑑𝑥 + (𝑥 + 𝑦) 𝑑𝑦
𝐶

  where  C  is the 

path given by the two curves  𝑥 = 𝑦2, 𝑦 = 𝑥2.  

marks] 51[   4Question  

(a) If 𝑢 =
𝑥+𝑦+𝑧

𝑥−𝑦+2𝑧
+ sin−1(

𝑥

𝑦
) + 4 ,  show that  𝑥𝑢𝑥 + 𝑦𝑢𝑦 + 𝑧𝑢𝑧 = 0.                             

(b) Discuss the maxima and minima of  𝑓(𝑥, 𝑦) =
1

3
𝑥3 +

4

3
𝑦3 − 𝑥2 − 3𝑥 − 4𝑦 − 3                                                                                         
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Model Answer 

 
 

Answer of Question 1 

(a) Take 𝑏𝑘 =
2𝑘+3𝑘

5𝑘
= (

2

5
)𝑘 + (

3

5
)𝑘 which is the sum of two conv. geometric series (r < 

1) and the resultant series is conv., and since ak < bk , then the given series is conv. 

(b) |𝑎𝑘| =
1

𝑘 ln𝑘
 , and since |𝑎𝑘| < |𝑎𝑘+1| and lim

𝑘→∞
|𝑎𝑘| = 0, then the series is conv. 

And since ∑  
1

𝑘 ln(𝑘)

∞
𝑘=2  is div. (using integral test), then the given series is conditionally 

conv. 

 

Answer of Question 2 

(a) 
𝑑𝑦

𝑑𝑥
= 𝑦′ =

𝑥+𝑦+4

−(2𝑥+2𝑦−1)
  which are two parallel lines, then put  u = x + y, so 𝑢′ = 1 +

𝑦′ → 𝑦′ = 𝑢′ − 1 →
𝑑𝑢

𝑑𝑥
− 1 =

𝑢+4

−(2𝑢−1)
→

𝑑𝑢

𝑑𝑥
=

5−𝑢

1−2𝑢
→

1−2𝑢

5−𝑢
𝑑𝑢 = 𝑑𝑥 → (2 −

9

5−𝑢
) 𝑑𝑢 = 𝑑𝑥 → 2𝑢 + 9 ln(5 − 𝑢) = 𝑥 + 𝑐 → 2𝑦 + 𝑥 + 9 ln(5 − 𝑥 − 𝑦) = 𝑐  

(b) The aux. eq. is m2 – 6m + 9 = 0, its roots are 3, 3, then 𝑦𝑐 = (𝑐1 + 𝑐2𝑥)𝑒3𝑥. Then u 

= e3x, v = xe3x, 𝑤 = | 𝑒3𝑥 𝑥𝑒3𝑥

3𝑒3𝑥 𝑒3𝑥 + 3𝑥𝑒3𝑥| = 𝑒6𝑥 

𝐴 = −∫
𝑥𝑒3𝑥.𝑥−2𝑒3𝑥

𝑒6𝑥
𝑑𝑥 = − ln 𝑥 + 𝑐1, 𝐵 = ∫

𝑒3𝑥.𝑥−2𝑒3𝑥

𝑒6𝑥
𝑑𝑥 = −

1

𝑥
+ 𝑐2 

∴ 𝑦 = (− ln 𝑥 + 𝑐1) 𝑒
3𝑥 +(−

1

𝑥
+ 𝑐2)  𝑥𝑒3𝑥 

∴ 𝑦 = (𝑐1 + 𝑐2𝑥)𝑒3𝑥 + (− ln 𝑥 − 1)𝑒3𝑥 

(c) The aux. eq. is m2 + 4 = 0, its roots are 2i, -2i, then 𝑦𝑐 = 𝑐1 cos 2𝑥 + 𝑐2sin 2𝑥. 

Then 𝑦𝑝 =
1

𝐷2+4
Im(𝑥𝑒2𝑖𝑥) =

1

64
[4𝑥 sin 2𝑥 − (1 + 8𝑥2) cos 2𝑥] 

∴ 𝑦 = 𝑦𝑐 + 𝑦𝑝 

 

Answer of Question 3 

(a) Apply the Stoke’s theorem: ∮ 𝐹 
𝐶

. 𝑑𝑟⃗⃗⃗⃗  = ∬ (∇⃗⃗ × 𝐹 )
𝑆

. �⃗�  𝑑𝑆 , where C is the circle 

on xy-plane x2 + y2 = 4, z = 0, then ∮ 𝐹 
𝐶

. 𝑑𝑟⃗⃗⃗⃗ = ∮ (𝑥2 + 𝑦 − 4)𝑑𝑥 + (3𝑥𝑦)𝑑𝑦
𝐶

, 

changing to polar coordinates: x = 2cosθ, dx = -2sinθ, y = 2sinθ, dy = 2cosθ 

∴ 𝐼𝑙 = ∫ (16(cos 𝜃)2
2𝜋

0

sin 𝜃 − 4(sin 𝜃)2 + 8 sin 𝜃)𝑑𝜃 = −2𝜃|0
2𝜋 = −4𝜋 

 (b) Green’s th.: ∮ 𝑀 𝑑𝑥 + 𝑁 𝑑𝑦 = ∬ (𝑁𝑥 − 𝑀𝑦)𝑑𝑥𝑑𝑦
𝑆𝐶

 

I1 along y = x2: dy = 2xdx, so 𝐼1 = ∫ (2𝑥2 + 3𝑥3)𝑑𝑥
1

0
=

17

12
 

I2 along x = y2: dx = 2ydy, so 𝐼2 = ∫ (𝑦 + 𝑦2 + 2𝑦4)𝑑𝑥
0

1
= −

37

30
→ 𝐼𝑙 = 𝐼1 + 𝐼2 =

11

60
 



𝑀 = 𝑥𝑦,𝑁 = 𝑥 + 𝑦 → 𝐼𝑠 = ∫ [∫ (1 − 𝑥)𝑑𝑥
√𝑦

𝑥=𝑦2

]
1

0

𝑑𝑦 = ∫ (√𝑦 −
𝑦

2
− 𝑦2 +

𝑦4

2

1

0

)𝑑𝑦

=
11

60
→ 𝐼𝑙 = 𝐼𝑠 

 

Answer of Question 4 

(a) Since u is hom. of degree 0, then  𝑥𝑢𝑥 + 𝑦𝑢𝑦 + 𝑧𝑢𝑧 = 0 

(b) fx = x2 – 2x – 3 = 0  x = 3, -1, and fy = 4y2 – 4 = 0  y = ±1  the critical points 

are (3, 1), (3, -1), (-1, 1), (-1, -1), fxx = 2x – 2 > 0, fyy = 8y, fxy = 0,   

∆= 𝑓𝑥𝑥𝑓𝑦𝑦 − (𝑓𝑥𝑦)
2
= 16𝑦(𝑥 − 1): 

at (3, 1): ∆= 32 > 0, 𝑓𝑥𝑥 = 4 > 0 → min → 𝑓(3,1) =
−44

3
 

at (3, -1): ∆= −32 < 0 → saddle point 

at (-1, 1): ∆= −32 < 0 → saddle point 

at (-1, -1): ∆= 32 > 0, 𝑓𝑥𝑥 = −4 < 0 → max → 𝑓(−1,−1) =
4

3
 

 

 

 


