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1-a) Test the following series for convergence: [15]
5" +7 (2024 N0 4n’ 4+n
)T SR S
1-b) Solve the following differential equations: [30]
. - COSy_yeX .o - + e ‘: _ 3 . " _
1)y o +xsiny 1) y'= (y/x) + tan(y/x) 1i1) y'= (y/2x) -(xy)” 1v)y"'+9y=cosec3x
V)Y +4y' +3y=cosh 2x sin3x cos2x vi) 2y"'+5y'+2y =x2sinh4x
2-a) Evaluate the following integrals [15]

1) I(xy+1n x)dy, c is the arc of parabola y = x* from (1,1) to (3.,9)
C

1) I4x3 ds, c is the line segment from (-2,-1) to (1,2)
C

iii) || % sin(%) dxdy , where D: area bounded by y = x* and x axis from x = /2 to x ==

2-b) Find interval of convergence [15]
-D" 1" T D" (x-6)"

)Z(Zn-l-l)'x 2 )Z n2+3 ) Z n3e

3-a) Find envelope of the function (x-cos Q)* + (y-sinQt)* = Yo, [15]

3-b)Expand sin™'( X y) using Taylor series about (1, ©/2) & find xf, + yf, [15]
X-y
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Model answer

n+l n+l n n n+1 Il+1

la-i) By ratio test, we get that lim (5n+1 +7n+1 X 3n +2n — lim / n+1 (5/ 7) n+1

342 S +7 o 1+(2/3)
311 [%] =7/3 > 1, therefore the series is divergent.

2 n
la-ii) lim g/ 22 :11]11 - lim [2n :1] 2> 1, thus Z 20’ ”] is divergent.
n—oo n n 00 n
O 4n? +n

la-ii1) The series » V, = » n’ ? is divergent, therefore
) > Z g 2 o

is divergent.

1b-i) (cosy-ye*)dx —(e* +xsiny)dy =0 = My= N,= -siny — " = therefore the D.E. is exact, thus

fi= cosy - y "= 1(x, y) = xcosy - y " + g(y) = fy=-xsiny - ¢"+ g'(y) = N(x,y) = g'(y) =0
therefore g(y) = ¢ = f(x,y) =xcosy-ye* +¢

1b-ii) Put y =vx = dy = vdx + xdv=vdx + xdv = (v + tanv)dx = cotv dv = dx/x = Insin (y/x) = Inx

1b-iii) y'=(y/2x) - (xy)’ is Bernoulli D.E., thus y°y'- y*2x=-x’. Put z=y" = z'=-2y" y =
z'+ z/x = 2x’ which is linear D.E. whose solution is zx = -2 x°/ 5+¢, so xy>= -2 x°/ 5+c is the solution
of D.E.

Ib-iv) y'* + 9y = cosec(x) has homogeneous and particular solution so that the characteristic equation
is m* +9=0= m =-3i, 3i, thus yu= (c; cos3x + ¢, sin3x) and so the particular solution is: yp = u(x)
cos3x + up(x) sin3x, and yi(x) = cos3x, yo(x) = sin3x  where

(X)— J' ng(x) dX u (X):J‘Vg&z;{(xy))

u, (x) :—jwdx =—X & uz(x)zjwdx = Insinx

dx, where W(y,.y,)=v,y,—v,y, =3, g(x) = secx, thus

Ib-v) m>*+4m+3=0 = m+ )m+3)=0 =>m=-1,-3 = yH=cr e + ¢ e and
1

W [e2x - efzx][ sinx + SiIlSX]

cosh 2x[ sinx +sin5x] =

TP (D? +4D +3)
1 o 1

5 e[ sinx +sin5x] - 5 e >*[ sinx +sin5x]
4(D” +4D+3) 4(D”+4D+3)

o=

1 . ) _ 1
e™ [ sinx +sin5x]-e >

4(D+2) +4(D+2)+3) 4D-2)* +4(D-2)+3)

[ sinx +sin5x]

Yo =

1 . . - 1 : .
2 [ sinx +sin5x]-e ™ —————[ sinx +sin5x]

=C
T (D +8D+15) 4D -1)



2x

Yp=¢

x 4D +7
Yp=¢€

+2x

s — Sil’lX
48D +14)

ST SInx
8(16D° —49)

 4cosx+7sinx  ,, 20cos5x +5sin 5x L e

) e ) ;
—————SInSx + sinx + SInsSx
4(8D-10)

.. 4D+5 . e . e .
+e —251n5x + sinx + SInsx
8(16D" —25)
—-2X -2x

=—C
Yp 520

1b-vi) 2m* + 5m +2=0 = 2m+ Hm+2)=0 => m=-1/2,2 = yg=c; e+ ¢, e*

sinx + sinSx
3400 8 104

1

2 . 21 4x —4x
= X th4X: X'|1€e —¢€
D 45D+2 22D +5D+2) | ]
1 l 2 —4x
Yp= 5 x“e" — > x“e
2(2D* +5D +2) 2(2D* +5D+2)
yp:e4x - 1 X2_ —4x - 1 X2
22(D+4)* +5(D+4)+2) 2(2(D-4)* +5(D-4)+2)
yp:e4x - 1 X2_ —4x - 1 X2
2(2D* + 21D +54) 2(2D* -11D +14)
B=e' — 1 A 111D &
1082 =P 4y 282 4
54 14
e™ 2D*+21D., , e™*™ ~ 2D*-11D
=——(1+ Xt - 1+ - x?
¥~ T0g ¢ 2 ) 28 ¢ 4
e 2D*+21D. 2D’ +2ID,. , e 2D*-11D. 2D*-11D )
= 1- + X — 1- + 2)x
¥p 108(( s )+( 5 )7) 28(( ” )+ ( ” )7)
4x 2 2 —4x 2 2
go=S (I_D__Q+49D 2 © (I_D_+@+121D "
108° 27 18 324 28 7 14 196
4x 2 —4x 2
go=S (1—2 37D 2 © (1+11D+93D "
108 18 324 28 14 196
4x —4x 2
e™ 5, Tx 37 e , 1lx 93D
= -—— X" +—+
Y 108( 9 162 28( 7 98 )

3 3
2a-1) y = X = dy =2xdx = [(xy +Inx)dy= I[X(Xz) +Inx](2x)dx = 2I[x4 + x In x Jdx
c

5 2

X X
= () + 2 Inx-

1 1

3

=D,

and

2a-i1) Since ds = J(i—?)z 4—(%)2 dt and the contour is y = x+1=if x = t, therefore y = t+1 =

ds = ()% +(1)2dt =2dt = [4x> ds= j4ﬁt3dt=ﬁt4

1 1

=\2[1-16]=-15v2

-2



y=x

X=m y= x> X=T
2a-iii) jj—sm( ) dxdy = '[ [ I —sm( )dy]dx— I cos(z) dx
x=n/2 y= 0 x=m/2 X y=0
X=TU T
=- _[ cos(x)dx:—sinx| =1
x=m/2 m/2
1 n 1 n+l
2b-i) Since U, = LM, and U = LM, hence the
2n+1)!x™" (2n+3)!x“"
1
ol e @] ! | e
U [T @n 3y | [ @ne3)@nt2x |
1 Un+l 1 | . .
lim = - --|=0<1 =0 hence series is convergent for all x.
| U (2n+3)(2n+2)x° |
Un| _|CD <n+1)'x2“+2

2b-ii) Since , thus

[n’ +3]‘ | (+Dx’[n’ +3]|
[(n+1)% +3]

U, | 1) g "[(n+1) +3]‘

. U +1 +3
lim |—2f = [im _n x[n” +3] =00>1 =0 hence series is divergent for all x.
n—o0 n n—»oo [(n+ 1) + 3] ‘
n+l
U 1 -6)" ' 3" ‘ -6)""'m 3"
2b-iii) Since “% _| D) (-6 3] | (x-6) 3] | thus

D (-6 D3| | (x-6)"[n+1)3"]

lim| (x-6)""[n3"] | | |

—nfl|_ <l > ‘x 6‘<3 = 3<x<9
n—>oo‘(x 6)"[(n+1)3"™" |3

U

lim
n—o0

n

ratio

3-a) ; [(x-cos o)’ + (y-sino)® = Pl=2(x-cos)sin = 2(y-sin Ql)cos L= tan A = y/X, therefore
o

. X . y
-xsina.+ycosa= 0, thus tana=y/ x, so cosa= ———, sina=

x2+y2 /X2+y2’
w/xz+y2 -l1==%p.

hence envelope is



