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Answer thefollowing Questions
Question 1 [ 60 Marks]

e Derive Cauchy Riemann equations in Polar form.

e State and prove Cauchy’s Theorem

e Discuss briefly the following terms:

Laurent Series —Analytic function —Removable singularities - Essential singularities- Residues —
Pole- — Calculation of Residues — Linear and Bilinear transformations.

e Expand the function f(2) =m a) |z7<1, b) 1<|z/<2, c) 0<|z-2<1,
then deduce the residues.
Question 2 [ 80 Marks]

Choose the correct answer

o If f(z) = €‘cos(ay) + i €'sin(y-b) is differentiable at every point, then a and b values equal to
(Oandi,1and0, 1and2,i and-i)
e The harmonic conjugate of X*- y*+y is (2xy, 2xXy+X, 2Xy-X, X°— 2xy)

of(2) = 2rcosH + i(rsinf+2) isharmonicif (a=0,a=1,a=2,a=23)

2

» The residue of % at z=0is(0,1/3, 1/9, 1/27)
z°(z-+9)

o [tanzdz=(2zi, -2xi, =i,  4ni, -4ni)

|2=2
o If sin(cos +isin®) = x+iy, then cos is (sinx sinhy, cosx sinhy, cosx coshy, sinx coshy)

o If sinz =2, then €% = (i+/3,i(1++/3),i(1-+/3),i(2+/3))

Question 3 [ 60 Marks]
Evaluate the following integrals
| 2 2 o2 2

¢ & dz , jl €’ c0s2zsin5z dz [sinn2” + cosnz’]

2= (22 +9)%(2°+22+2) 1+] 23 (z-D(z-2)
2__ V4 4
s dz S e—3+ £ _ 2]dz
z-ilz2(z+1)*(2% +4) ol (z-1(z-2) Ze2 22 (z+i)
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M odel answer

Answer of Question 1

e InPolar form

Cauchy Riemann equations area—u lov v _ _tou where x=r cos0,y =rsin0.

or 00’ or 89

ou _ou ox , ou oy _ 6U
Since or = ox or 8y or (cos@)+ oy (sme)
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ay(rcos@)
 (cos0) + y(sine)
(-rsin@) + l;/(rcose)
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e Cauchy theorem
If afunction f(z) isanalytic inside and on a simple closed curve C and f'(z) is continuous inside and
on the curve C, then if(z) dz =0.

Pr oof
$f(z2)dz=qgudx-vdy+i fvdx +udy
c c c

By Green "stheorem, we can get

{f(2) 0z = H(@ @)d X dy + H(— Nydx dy , but f(Z) is analytic inside and on asimple closed

oy

curve C, therefore f(z) satisfy Cauchy Riemann, i.e. u_ov ov__ou

oX oy’ X dy’

hence qﬁf(z) dz= 0




e Laurent Series: If f(z) hasa pole of order nat z = a, but is analytic at every other point inside
and on acircle ¢ with center at a, then (z-a)"f(z) is analytic at all points inside and on ¢ and has

Taylor series about z= aso that :

a a
f(2) = I f B |

- -a)? i
- g (Z_a)+a0+a1(z a)+a,(z-a)“+....caled Laurent Series for f(z) and

a,+a(z-a)+a,(z-a)?+.....is called analytic part, the remaining is called principle part, z = a is

called pole of order n.

Analytic function: A complex function is said to be analytic on a region R if it is complex

differentiable at every point in R.

Removable singularities: If asingle-valued function f(z) is not defined at z = a, but ngn% exist,
z = acalled removable singularity

Essential singularities: If f(z) is single-valued, then any singularity which is not a pole or
removable singularity is called essential singularity.

Residues: Let f(z) be single-valued and analytic inside and on acircle c except at the point z=a

chosen as center of ¢, then the Laurent seriesabout z=a isgivenby f(z)= i a,(z-a",wherea
n=-o00

1 istheresidue of f(z)

Calculation of Residues:
1% case: (Simple pole)
The residue of the function f(z) at z =a which is smple pole (pole of order one) is given by

Res=a, =lim(z-a)f(2)

2" case: (pole of order n)
The residue of the function f(z) aa z =a which is pole of order n Is given by

" z-arf(»)
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http://mathworld.wolfram.com/ComplexFunction.html
http://mathworld.wolfram.com/ComplexDifferentiable.html
http://mathworld.wolfram.com/ComplexDifferentiable.html
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f(2) =

1<|Z| < 2. Therefore theresidueat z= 1 equal 1
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f(2) = - -
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|| > 2 Therefore theresidue at z = 2 equal 2.
Answer of Question 2

o If f(z) = €‘cos(ay) + i €sin(y-b) is differentiable at every point, then aand b values equal to (0O
andi,land0, 1land2,iand-i)
e The harmonic conjugate of X*- y?+y is (2xy, 2Xy+X, 2xy-X, X*— 2xy)

of(2) = grcose+ I(rsin6+2) isharmonicif (a=0,a=1,a=2,a=23)

e Theresidueof - & atz=0is(0,U3, 19, 1/27)
z°(z-+9)
e [tanzdz=(2zi, -2xi, i,  4ni,  -4zi)
-2

e If sin!(cosO +isin®) x+iy, then cos is (sinx sinhy, cosx sinhy, cosx coshy, sinx coshy)

o If sinz =2, then €% = (i+/3,i(1++/3),i(1-+/3),i(2+/3))

Answer of Question 3

e .
dz=2ri [ + + + Res , Where
‘z{i (22 +9)2(22 +22+2) Res+ Res+ Res + Res|]

e22 _im g eZZ
(22 +9)2(z2?+2z+2) z>3dz(z+3)%(z°+2z+2)

Res = lim— [z—3i]2
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Res = Am [z=(170)] (Z2+9%2+22+2) A, (22 +9)z—(-1+i)]
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[sinrcz2 + COSTCZZ] :
dz=27ni [Res+ Res], Where
=3 (z-1)(z-2) 7=1 7=2
_lim{z—1] [sinnz? + cosnz?] _1 _lim[z—2] [sinnz® +cosnz’] _
Res =% Z-1)(z-2) ' Res =252 z-1)(z-2)
.2 2
Therefore [sinmz” + cosmz”] dz =4ri
2=3 (z-D(z-2)
kkkhkkkkhkhkkhhkkhkkhkkhkhkhkkhkhkhkhkkhkkik*%x
72> —2z :
dz=27ni [Res+ Res]
‘Z-W:Z(Z*{DZ(224‘4) z=-1 z=2i

. d o 7?2-27 . d z2-2z
=lim—[z+1 =lim— ,
Res Hldz[ +1 (z+1)%(z°+4) 2>1dz (z°+4)

. . 72 _27 ) 7227
=lim[z-2i =i
Res = 1| ](z+1)2(22+4) 252 (z+1)2(z+ 2)
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dz =4ni

z-2=
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¢,
Z=2 2° (z+1)

Jldz = 7i + 2ni(~4i) =[8+i]n




