Benha University /b Final Exam Date: 03-6-2014
Faculty of Engineering- Shoubra \ Mathematics 2  Code: EMP102
Energy and Sustainable Energy program N Duration : 3 hours

Answer three questions from the following: [20 Marks]

1) a) Find the perpendicular distance between the following straight lines:
X+4y-8=0and3x+4y+10=0.

b) Show that (4, 2), (13, 14), (-4, 8) arethe vertices of aright triangle and find the area of the
triangle by two methods.

c¢) Find the equation of a straight line, which passes through the point (4, 3), and forms with the co-
ordinate axes atriangle of area 24 sg. units.

2)a) Show that the lines bisecting the angles between the bisectors of the angle made by ax” + 2 h x
y + by?* =0, are given by (a- b)(x* — y%) + 4 h x y = 0 and prove that the pairs of lines
*-=ydl(a-b)=xy/hand (a-b)(xX*-y?) +4hxy=0, are such that each represents the
bisectors of the other.

b) Write down the equation to the bisectors of the angles between the line-pair 3x*+ 2xy + 3y*= 0.
Can you draw the straight lines? or the bisectors ? If not, Why not ?

c) For what values of k does 3 x*+ 7xy + 2 y* + x — 3y — k = 0, represent pair of straight lines? Find
these equations, the point of intersection and the angle between them.

3)a) Find the equation of the circle, which touches the x- axis at the point (3,0) and passes through
the point (1,2).

b) Find the equation of the circle which passes through the points (1, 6) , (5,0) and whose centre lies
ontheline5x + 12y = 25.

c) Find the equation of tangent and normal to the circlex? + y* - 2x — 4y + 3= 0, at the point (2, 3).

4)a) Find the pole of the straight linex + 9y — 28 = 0, with respect to the circle 2x“ + 2y“+ 5x — 3y
—7=0.

b) Find the equation to the parabola, whose focus is the point (2 , 3) and whose directrix is the
straight linex — 4y + 3 = 0. Find also the length of its latus rectum.

c) Prove that the locus of the mid-point of the chords of the parabola y? = 4 ax which pass through
the vertex is the parabolay® = 2ax.

Answer two of the following questions [20 Marks]
1- Evaluate the following integrals
Sin“x (X" +4x +5) X=X

2-a) Solvethedifferential equation y =x+cosx, Yy(0)=2, y(0)=4
b) Find areabounded by two curves f(x)=x and g(x) = x
3- Evaluate the following integrals

nl4
(X +4)dx b) I x2[cosx + sinx] dx 0) j[1+%] cos(x + Inx) dx

a)
j\/x2+6x +10 —n/4
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Model answer
Answer only three questions from the following:

1) @) Find the perpendicular distance between the following straight lines:
3Xx+4y-8=0and3x+4y+10=0.

a) Inthefirst equation 3x +4y-8=0,letx=0theny =2,

then the point (0, 2) will lieson3x + 4y -8 =0 (cf. Figure 1.21).

Hence the required distance between themis p = (8 +10)/5=18/5.

b) Show that (4, 2), (13, 14), (-4, 8) are the vertices of aright triangle and find the area of the triangle by two
methods.
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c¢) Find the equation of a straight line, which passes through the point (4, 3), and forms with the co-ordinate axes a
triangle of area 24 sg. units.

) Let the equation of the straight linebe x/a+y/b=1. VA

It passes through (4, 3) , then 4/a+ 3/b =1, N0, b)
i.e.db+3a=ab, D

The areaof thetriangle=24 = ab/2, i.e.ab=48 2

From (1) and (2) , we get 4b + 3a=48. ©)]

Multiplying (3) by a, we get 4ab+3a°= 48 a ; N

i.e. 3a2—48 a+192=0, henceaz— 16a+64=0,i.e (a—8)2: 0.
.. a=8and therefore b = 6 . Equation of theline x/8 + y/6 = 1.




2)a) Show that the lines bisecting the angles between the bisectors of the angle made by a x2 +2hxy+b y2 =0, are
given by (a— b)(x*—y°) + 4 hx y = 0 and prove that the pairs of lines (x* — y2)/(a— b) = x y / h and ( a— b)(x* — y°)
+4hxy=0, aresuch that each represents the bisectors of the other.

. 2 2
Bisectorsof ax +2hxy+by =0 are

Y th, e hx’—(a=b)xy-hy>=0. (1)

a-b
Bisectors of the pairs of lines (1) are
x2—y2_ Xy . x2—y2_ 2X'y
h—(-h) —(@a-b)/2~ 2h  —(@a-h)
e (a-b)(x*—y)+4hxy=0. @

Now the bisectors of (1) are given by (2) and the bisectors of (2) are given by

2 2 2
- X X< — X
y = y or y = y ,whichis(1).
2(a-b) 2h a-b
2)b) Write down the equation to the bisectors of the angles between the line-pair

3x2 + 2xy + 3y2 = 0. Can you draw the straight lines? or the bisectors ? If not, Why not ?
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2) ¢) For what values of k doessx +7xy+ 2y +Xx—-3y-k=0, represent pair of
straight lines? Find these equations, the point of inter section and the angle between

them.
The condition that the equation shall represent two lines 1s
2 12 112 —>c—12=0.1e.c=12.
72 3 _13/21=0 1.e. It must be added +2.Then

2 2
72X — 13 v L 1lx—13 v+ 12=
W2 132 ¢ 2x —-Txy+3y +1lx-13y+12=0.

Factorising. we get 2x -y +p)(x—-3y+q) =0
—>p+t2q=ll.3p+tq=13.pq=12.

Solving. we getp=3.q= 4:1e. 2x—-yv+3)(x-3y+4)=0
It 1s easy to see that the point of intersection 1s (—1 . ).

J49/4-6

2+3
s -
3)a) Find the equation of the circle, which touches the x- axis at the point (3,0) and passes through the point (1,2).

tanO=+2 =+1.1.e.8=m/4 or 3/4.
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In case the circle touches the axis of X, 92:c and—-g=3, i.e.g=-3andc=09.

Sincethe circle passes through (1,2), then 1+4+2g+4f+c=0, or 4f =-8,

ief=-2 Thusx2+y2—6x—4y+9:0,istherequired equation.

b) Find the equation of the circle which passes through the points (1, 6) , (5,0) and whose centre lies on the line 5x +
12y =25.

Sugpose that the equation to the circleis

x2+y +2gx+2fy+c=0,itscentre(—g, —f) lieson the given line

i.e.-5g9-12f=25. (1)
Since it passes through the given points, then
25+10g+c=0, (2 and 37+2g+12f+ c=0. 3

Solving equations (1), (2) and (3), we get
g=-1,f=-5/3 , c=-15
Therefore x2 + y2 -6 x-10y-45=0, istherequired equation.
c) Find the equation of tangent and normal to the circle x2 + y2 -2X—-4y+3=0, at thepoint (2, 3).
The equation of the tangent is
2X+3y—(x+2)-2(y+3)+3=0, orx+y=5,itssopeis-1.
Slope of the normal isl, and then its equation is
(y-3)/(x-2)=10or y=x +1
4)%) Find the pole of the straight linex + 9y — 28 = 0, with respect to the circle
2X + 2y2+5x—3y—7:0.
If (a, b) betherequired point, thelinex + 9y —-28=0, ()
must coincide with the polar of (a, b), whose equation is
2ax + 2by + (5/2)(x + @) — (3/2)(y + b) - 7 =0.
i.e.(4a+5)x + (4db-3)y+5a-3b-14=0. (i)
Since (i) and (ii) are the same, we have
4a+5 4b-3 5a-3b-14
1 9 -28
Hence 9a-b=-12,117a-3b=-126.
Solving these equations we have a= -1 and b = 3, so that the required point is
-1,3).
b) Find the equation to the parabola, whose focusis the point (2, 3) and whose directrix isthe straight linex -4y +
3 =0. Find aso the length of its latus rectum.
The equation of the parabolais
(x=2)%+(y-3) 2= [x -4y + 3%/(1°+4%), squaring
e 17[x% +y° — 4x — By + 13] = [X +16y>+O-8xy+6x—24y]
e 16x°+y° +8xy— 74X — 78y + 212 =0,
or (4 +y) 2= T4x + 78y - 212,
Length of the latus rectum =
=2(the distance of the focus from the directrix)

2-12+3 14
=2. =

NN

c) Prove that the locus of the mid-point of the chords of the parabolay2 = 4 ax which pass through the vertex is the
parabolay2 = 2aX.




Let T(h, k) be the mid-point of the chord OP through the origin
0O(0,0) and

P(atz, 2at), thenh = 1/zatz, k =at. Eliminating t, we get
h=1%ak’/a" or k° = 2ah.

Then the locus of ( h, K) is y2 = 2 ax, which is a parabola one half

the size of the original, and with the same vertex, axis and tangent at
the vertex.

Sin2x .

1- =In(1 ?

a) I1+sin2x n(Ll+sin’x) +c
1-b) put x+2 = tan6 = dx = sec’0 do, therefore| ax =| dX2 5=

(X2 +4x+5)% [(x+2)?+1]
2

| ¢ (29d6 5= jcos2 0do = lj[1+ c0s20]d0 = 0 +sin9cos

[(tan6)“ +1] 2

Ctant(x+2) L (x+2)
2 2Vx2 +4x +5
1-c) The degree of numerator must be less than that of denominator, so we have to make long
division
1
X+5 -X+3
X2+ 3x +2 X2+5 =1+
I XCHKH2 T CHKH2
-3X +3
X?+5 -3x+3 _ -3x+3 B

X2+3X +2 o =] (1+x +3X+2)dx—j (1+(x+2)(x+1))dx X+ I((x+1) (x+2))dx

By using partia fraction, wewill get A=6, B=-9

2
X+5d—+6

XZraxes K =X j(( x+1) (X+2))dx X+6Ln(x+1)-9Ln(x+2) +c

2- y'(X)= x¥/2 + sinx +c , but at y'=4, x = 0, therefore ¢ = 4, therefore y ()= x%2 + sinx +4,

integrate, we will get  y(x)= x*/6 — cosx + 4x+d , but at y=2 , x=0, therefore d= 3, thus the solution

isy(x)=x/6 — cosx + 4x+3
b)




(Xx+4)dx  (X+3+Ddx
\/x2+6x+10 \/(x+3)2+1

:%I\/Z(x+3)2dx + dX2 =J(x+3)?+1+sinh L(x +3)
(x+3)°+1 \/(x+3) +1

3-a) By completing square, we get |

3-) j[1+%] cos(x + Inx) dx = sin(x + Inx)




