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Question 1 [50]
o0 ® 42 0

a) Evaluate the following integrals [t cos3t et dt ,J 1t+ dtt4 Jfx M etV dx
0 0 0

b) Solve the following differential equations using Laplace Transform:
)3y +4y=e", y(0)=153, i)y +y=2t, y(0)=3,y(0)=1
c¢) Solve the D.E. y' - xy'+ y=0 using series solution about x = X,

d) Find inverse Laplace for the following functions:

-27s
e 9s+4 25 S
24 7, G6) =5 T 4519
(s+1)?+4 (s+3) s°(s”+4s+4) s*+4s

e) Find Laplace transform for the following function:

t 2u _ ,-3u
)=t [ S —du + [-e" +2+ 3¢ U(t-3)
u=0 u

Question 2 [50]

a) Suppose the probability that a college freshman will graduate is 0.6. Three sisters (triplets)
enter college at the same time. What is the probability that at most 2 sisters will graduate?

E(s) =

b) In a factory we have four machines producing 1000, 1200, 1800, 2000 items per day with
defects 1%, 5%, 5%, 1% respectively, find :

1) The probability of selecting a defective item.

i1) The probability that this defective item is produced by third machine.

c) Let the r.v. X be the distance in feet between bad records on a used computer tape.
Suppose that a reasonable probability model for X is given by the p.d.f.

f(x) = %Oe"‘/ 40 0<x<o, find P(X > x) and then the median, also find m.g.f. and then

deduce mean, standard deviation.

d) A random variable X has the following distribution
X (-2 (-110 |1 |2 |3
P(x)[0.1 |k |0.2]2k [0.3]3k

Find P(X<2),P(-2<X<2), C.d.f.,the mean of X and the variance.

e) Find the moment generating functions of the exponential distribution. Find the expected
value, variance using M.G.F. and the first three moments about zero and about mean.
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Model answer

Answer of question 1

a)
s2-9

o0
[ tcos3t et dt = L{tcos3t};_s =
0 s=5

T =7 —yy (by putting t*=y, hence dt = _3/4), m-1=-1/4 & m +n =1, thus

hJ

ot—38

t2d lTy—lM
0

® -1/4
_ | 5= dy 1;3(3/4,1/4)= gn
0

=%, n =Y, from which

ot—8
—_

—

-+ o
¢—>

(0 e NI {y = 2 J'y2n+1e—ydy(byputting Jax =y, hence a dx = 2y dy), therefore
0

]
0 a
0
j x" e Vi (x =
0
: 1 1
— + = - = +
1) 3[sY(s) —y(0)] + 4 Y(s) = 1/(s-2), therefore Y(s) Gs+d6-2)  Gstd)’ thus
Y(s) = I + I = I + I , therefore

3[s2—(2/3)s-(8/3)] 3[s+(4/3)]  3([s-(1/3)—(25/9)) 3[s+(4/3)]

y() = ¢ e sinh(5/3)t + 3 e

§
2 3s+1

> +— , therefore
s7(s7+1) (s +1)

i) (s°+ 1) Y(s) -3s—1= %, therefore Y(s) =
S

t
y(t)= [ (1-cosu) du + 3 cost + sint = 2[t — sint] + 3 cost + sint
u=0

o0 o0 o0
O Let Y(X)= Y an(x-X,)", ()= na,(x-x)™ y'(x)= Y n(n-1)ay(x-x)"
n=0 n=I n=2
Substitute in the above D.E., we get

S n(n-1)a, (x-x)" x 3 nayx-x,)™ + 3 ay(x-x,)" = 3 n(n-1)a,(x-x,)"2-
n=2 n=1 n=0

n=2

Zna (x-X, —onnan(X X, + Zan(x X" =



Put n = s+2 for 1* term, n = s for the 2" term, n = s+1 for 3™ term and n = s for 4™ term, we

get:

D (s+2)(s+)a,(x-x,)*- > sag(x-x,)°

s=0 s=l1

XOZ(:)(8+1)aSH(X-XO)S +ZaS(X—XO)S=0, thus 2a, - x, a; -+ a +
Z;((er2)(s+1)as+2—xo(s+1)asﬂ—(s-l)as)(x—xo)s = 0.

=

By comparing of coefficients, we get:
_ X, @, -8 _ _
2a;, - Xp a; + a9 = 0, from which a, = ——~+—— and by comparing coefficients of

2
(X-XO)S, s=1,2,3,....we get

. _Xy(stl)ag, +(s-1)a
s+2 (s+2)(s+1)

Therefore

Xo 3y _ Xp(X4a;-3) A= 3X +a2 (x8+1)(x0 a, -a,)
3 6 ol 12 24 ’

az=

The solution will be in the form

© 1 X (xg+1)
Y= T an(ioxg)" = ACT - 3 ox)” x-S (X))

n:

2 2
B((X-XO)—F%(X-XO)Z +XT60 (x-x,)° + % (x-Xy)* +...), where ay = A,
alzB,
g2 : " . 9s+4 _ 9(s+3)-23

d) L' {———— = (%) sin2(t-2 7)™ u(t-2 dsS
) {(s+1)2 }=(2) sin2(t-2n)e u(t-2 ) and Since 5+ 3)3 5+3)

therefore L {(9“;‘) Ote™-(23/2)

25 t ) -25 2t -1 1
=2 Ydu=—=[2t+1 —1],thus L {———
127 } =25 uioue du 1 [(2t+1)e ], thus {sz(s+2)2 }

Since L™ {
s(s



= (-25/4) j [Qu+1)e? —1]du = (25/4)[(t+1) e +t -1], therefore L'{—— 3 =)=
u=0 (S‘|‘2)

t
(25/4) | [(u+1)e?" +u—1]du
u=0

) S B s+2-2 S 2 )
Smces2+4s+9_ (5+2)-4+9° therefore L™ {m} 2teos/5 t \/_e 2tsin/5 t

1, e 1 -2t 2
__[t+7_§]+ e *[cos/5 t——=sin5 t]

9 NG

< +3 e™ s+3

e)L{ } j[———]ds_Ln , thus L{ j 4du}——Ln :
u s—

S

e s+3
Therefore L{t J. 4du} ——{ Ln 2}

u=0 §—

Since -e™ +2+ 3t* = - ¢'” " 429+ 3(t-3)* + 18(t-3), therefore L{ [ -¢™* +2+ 3t°] U(t-3)}

e 209 6 18
+—+—

s—=5 s & g2
Answer of question 2

2
a)P=0.6,n=3,P(X<2)= 3 3¢,(0.6)*(0.4)* =1-P(X=3) = 1- 3¢,(0.6)*(0.4)" =0.784
x=0

b) Let the defective event is F and the probability of machines A,B,C,D are 1/6, 1/5, 3/10,
1/3 respectively, also P(F/A) = 0.01, P(F/B) = 0.05, P(F/C) = 0.05, P(F/D) = 0.01.
Therefore

i- P(F) = P(F/A)P(A) + P(F/B)P(B) + P(F/C)P(C) + P(F/D)P(D) = 0.01(1/6) + 0.05(1/5) +
0.05(3/10) + 0.01(1/3) = 0.03

ii- P(C/F) = P(F/C)P(C) _ 0.05(3/10)

=0.5
P(F) 0.03

c) P(X>x)=1-P(X<x) = l-J'4L0e'X/4°dx= ¢™* To get the median a such that P(X< a) =

0

a

0.5, therefore J.4Loe"‘/4od><:0.5, thus 1-e40=0.5 = a = -40 In(0.5) = 27.726, and
0

-(1-40)x

T | Tl | ,
mgf = !;etx(4—0e"/40)dx:04—0e 40 dX:l_—40t:¢(t), therefore p' = ¢'(0)=




40
2
(1-401)°| _,

3200

(1_4—01:)3 = 3200 = E(XZ), hence Val‘(X) =
t=0

= 40 = E(X) and u,’ = ¢"(0)=

E(X?) - [E(X)]* = 3200 — 1600 = 1600, so standard deviation = 40
3
d) Since ZP(xi) =1, therefore 0.1 + k+0.2 + 2k + 0.3 + 3k =1, thus k= 1/15
=2

P(X<2)=P(x=-2)+P(x=-1)+Px=0)+P(x=1)=0.3+3k=0.5
P(-2<X<2)=Px=-1)+Px=0)+P(x=1)=3k+0.2=0.4
cumulative distribution of X

X |21 o 1 2
F(x)|0.1]1/6 [11/30 |05 [0.8]1

E(X) = -2(0.1) -1(1/15) + 0(0.2) + 1(2/15) + 2(0.3) + 3(1/5) = 16/15, E(X?) = 4(0.1) +1(1/15)
+0(0.2) + 1(2/15) + 4(0.3) + 9(1/5) = 2.4, thus Var(X) = E(X?) — [EX)]* = 2.4 — (16/15)*
=1.2622.

txy _ Tt (g ahx _ f tx gy = M
e) E(e%) .([e (Ae™*) dx kle dx -

~d, A A _ _
B0 = G P = grope W OEC0 = 12
o d A 2A _ 2\ _ /92 —1/22
BOO) = 4GP = g & O B =222, Var(0 = 13
Moments about zero: pw, = 1, u, = EX)=l/A, W,=EX?*)=2/\°

Moments about zero: p, =1, p, =0, p, =var(X)=1/A?



